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PREFACE 


TO THE SECOND EDITION. 


The limits which 1 have assigned to myself both in 
this and the former edition, and which I have en¬ 
deavoured not to transgress either in excess or defect, 
arc the requirements of the Senate-House Examina¬ 
tion at Cambridge. After a very careful rcvisal, I 
have come to the conclusion that the Propositions 
which I have given arc fully sufficient for the solu¬ 
tion of all such questions as can be conveniently 
treated geometrically. At the same time there is no 
proposition which can be omitted without the risk 
of some important point being overlooked. Though 
the alterations in the present edition are not exten¬ 
sive, they are important; one or two of the demon¬ 
strations have been much shortened and simplified, 
a footnote has been inserted on the first proposition 
both of the Ellipse and of the Hyperbola, where 
the text seemed obscure; a fresh proposition has 
been introduced on the circle of curvature in the 
Parabola and Ellipse, which is also applicable to the 
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Hyperbola; tho letters of some of the figures have been 
changed to avoid the confusion which arose from the 
multiplication of dashes and suffixes ; many corollaries 
have been added with a view of calling attention to 
points which had been passed over without notice. 
Finally, 130 fresh problems, selected from Examina¬ 
tion Papers of recent dates, have been appended, 
which it is believed will afford the student all the 
opportunities for practising himself in this subject 
which he can desire. 

The solutions of the problems contained in the 
former edition have been published in such a form 
as to be of service not only to the teacher, but also 
to the pupil. The additional problems, which are 
not referred to in the solutions, are placed separately 
at the end of the book. With the solutions the book 
now consists of three parts—the book-work, problems 
solved by way of illustration, and unsolved problems 
for the independent exercise of the student. 

W. II. DREW. 

Blackheath Proprietary School, 

Fclruunj 18 th, 1862. 



PREFACE. 

Tiie importance of studying tlie properties of the Conic 
Sections by Geometrical methods before entering upon 
the algebraic theory cannot, I think, be too much 
insisted upon, whether regarded ns an introduction to 
the study of Newton, or with a view to a more 
complete understanding subsequently of the principles 
of Analytical Geometry. 

The advantage of observing this order is now so 
fully recognised at Cambridge, that during the first 
three days of the Examination for Honours the geo¬ 
metrical method is alone admissible. 

At. the same time I believe that this mode of 
treating the subject has not received in Schools the 
attention which it deserves, and I cannot but think 
that this is in a great degree owing to the want of 
a book altogether suited for the purpose. 

In the following pages, which were originally com¬ 
piled for the use of my own pupils at Blackheath, 
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l have aimed at supplying this deficiency, and I have 
endeavoured to place the subject before the student 
in such a form, that, after mastering the elements of 
Euclid, he may find it an easy and interesting con¬ 
tinuation of his geometrical studies. 

With a view also of rendering the work a complete 
Manual of what is required at Cambridge, 1 have 
either embodied into the text, or inserted among the 
examples, every book-work question, problem, and rider, 
which has been proposed in the Senate House up to 
the present time. 

The principal points in which the present Treatise 
will be found to differ from those now in use are the 
following:— 

(1.) The three Conic Sections are defined in a uni¬ 
form manner. 

(2.) The use of the Second Book of Euclid is avoided, 
as much as possible, as having a tendency to lead to 
algebraical methods of reasoning. 

(3.) The properties of the ellipse and hyperbola 
which depend upon the directrix arc fully given, and 
the analogy between these curves and the parabola is 
thus maintained. 

(4.) A method of proving the fundamental property 
of the tangents has been adopted, which, while it 
presents the idea of a limit in its simplest form, is 
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applicable, word for word, to each* of the three 
curves. 

(5.) With a view to simplification, several of the 
demonstrations have been much modified from the form 
in which they are usually presented, among which 1 
may particularly mention those propositions which re¬ 
late to the properties of conjugate diameters in the 
ellipse, and of the asymptotes in the hyperbola, and the 
proof that QV- = 4 SI*. PV in the parabola; while 
many important theorems admitting of an easy geo¬ 
metrical* solution are introduced. 

(0.) A full discussion is given in a distinct' chapter 
of the Sections of the Cone. Figures are drawn repre¬ 
senting the position of the foci and of the directrices 
of the sections in every case. 

W. 11. DREW. 


Blackikkatq Proprietary Sciiooi^ 
March Vttfiy 1857. 




CONIC SECTIONS. 


INTRODUCTION. 

1. T>kf. The curve traced out by a point, which moves in 
such a manner that its distance from a given fixed point 
continual!}' hears the same ratio to its distance from a given 
fixed lino, ’S called a Conic Section. 

The fixed point is called the Foevs, and the fixed line the 
Directrix. 

Thus if S he the focus, and KK* ^ 
the directrix, and P a point from which 
DM is drawn at right angles to the 
directrix, the curve traced out by P M 
will be a Conic Section , provided P ! 
move in such manner that SP always 
hears the same ratio to PM . ! 

(1.) When the distance from the 
fixed point is equal to the distance 
from the fixed line, that is, when SP 
is equal to DM, the Conic Section is K 
called a Parabola. 

(2.) When the distance from the fixed point is less than 
the distance from the fixed line, that is, whcn % thc ratio which 
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SP bears to PJ}f is less than unity, the Conic Section is 
called an Ellipse. 

4 

(3.) When the distance from the fixed point is greater 
than the distance from the fixed line, that is, when the ratio 
which SP bears to PM is greater than unity, the Conic 
Section is called an Hyperbola. 

2. The reason of the term Conic Sections being applied 
to these curves is that, when a Cone is intersected by a plane 
surface, the boundary of the section so formed will, in general . 
be one or other of these curves. 

1 purpose to investigate the properties of the Conic Sect ins 
from the definitions given above, and afterwards to show in 
what manner a Cone must be divided by a plane in order 
that the «curve of intersection may be a Parabola, Ellipse , or 
Hyperbola. 



CHAPTER I. 


THE PARABOLA. 



1 Prop. I. 

*•?. Tin-: focus and directrix of a parabola being given, to 
find any number of points on the curve. • 



Let S be the focus, and^AX' the directrix. 

Draw XSx at right angles to the directrix, and bisect the 
line SX in A; then 

since AS = AX, 

A is a point on the curve. 

The point A is called the Vertex, and the line Ax, with 
respect to which the curve is evidently symmetrical, is called 
the Axis . 


b*2 
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On the directrix take any point M; join SM; and draw 
MP at right angles to the directrix. 

At the focus S make the angle MSP equal to the angle 
SMP; then 

SP = PM, 

P is a point on the curve. 

So by taking any number of points, M’, M", on the 
directrix, we may obtain as many points, V, P", on the 
curve as we please, and the line which passes through A and 
all these points will be the parabola whose focus is 8 and 
directrix KK'. 

Colt. 1. As M is taken further away from the point X, the 
line SM and the angles SMP, MSP, and, consequently, the 
lines SP and PM, continually increase. Hence, since XM 
and MP increase together, the curve recedes at the same time 
both from the axis and directrix; and since flic angle SM P 
can uev£,r exceed a right angle, and the lines SP and MP will 
therefore always meet, it is evident that there is no limit to 
the distance to which the curve may extend on both sides of 
the axis. 

Cor. 2. The parabola may be described practically in the 
following manner. 



Let S be the focus and KX be the directrix; and let a rigid 
bar QM, having a string of the same length as itself fastened 
at one end Q, be made to slide parallel to the axis with the 
other end M on the directrix; then if the other end of the 
string be fastened at the focus, and the string be kept 
stretched by means of the point of a pencil at P, in contact 
with the bar, since SP will always be equal to PM, it is 
evident that the point P will trace out the parabola. 
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PltOP. II. 

4 The distance of any point inside the parabola from the 
focus is less than its distance from the, directrix; and the 
distance of any point outside the parabola from the focus is 
greater than its distance from the directrix. 



(I.) Let Q be a point inside the parabola. 

Draw < k )M at right angles to the directrix, meeting the 
parabola in /'; join 8P ; then 

since ST = PM, 

.-. HP and PQ = QM. 

But HP and PQ > HQ, 

QM > HQ. 

(±) Let Q be a point outside the parabola. 

Draw MQ at right angles to the directrix, and produce it 
to meet the parabola in P; join HP; then 

' since HQ and QP > HP, 

and HP = PM, 

HQ and QP > PM, 

.-. SQ > QM. 

Cor. Conversely a point will be inside or outside the 
parabola according as its distance from the focus is less or 
greater than its distance from the directrix. 

5. I)ef. The line PN (nee fig. Prop. III.) drawn at right 
angles to the axis from the point P in the curve is called the 
Ordinate of the point P, and the line A fit' the Abscissa. 
The double ordinate DC drawn through the focus, and termi¬ 
nated both wavs by the curve, is called the Lain# Rectum. 
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f * Prop. III. ' 
The Latus Kcctum BG — 4AS. 

i 


P 



Draw BK at right angles to the directrix. 

Then SB = BK = SX =2 AS, 

BC=4A8. 

6. Def. If a point P. be taken on the p arabafu '*' (see jig. 
Prop. IV.) near to P, and PP' be joined, the line PP pro¬ 
duced, in the limiting position which it assumes when P is 
made to approach indefinitely near to P, is called the Tangent 
to the parabola at the point P. 

Prop. IV. 

* If the tangent to the parabola at any point P intersect the 
directrix in the point Z\ then SZ will be at right angles to 
S l • 

Let P' be a point on the parabola near to P. 
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Draw the chord FP y and produce it to meet the directrix 
in Z\ join SZ. 

Draw VM, PM' at right angles to the directrix ; join SP , 
SP; and produce PS to meet tlie Q. 

Then, since the triangles ZM1\ ZM' P are similar, 

ZP :ZP ::MP:M'P, 

:: SP: SF , 

SZ bisects the angle PSQ . (Euclid , VI. Prop . A.) 

Now when 7 V is indefinitely near to P 9 and PP becomes 
the tangent at tlie point P\ the angle PSP' becomes indefinitely 
small, while the angle QSP approaches two right angles, 
And therefore the angle PSZ, which is half of the angle 
PS Q } becomes ultimately a right angle. 

Hence, when PZ is the tangent, 

9 

* the angle ZSP is a right angle, 
or SZ is perpendicular to SP. 

Coe. Conversely, if SZ be drawn at right angles to SP, 
meeting the directrix in Z, and PZ be joined, PZ will be a 
tangent at P. 
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< *■ Prop. V. 

7. Tlie tangent at any point P of a parabola bisects the 
angle between the focal distance SP, and the perpendicular 
PM on the directrix. 



Let the tangent at P meet the directrix in the point Z; 
join SZ; then since the angle ZSP is a right angle, (Prop. 

^ ZS 2 + >S :p 2 = PZ\ 

Also ZM 2 + MT = PZ 2 , 

ZS 2 + SP 2 = ZM 2 + MP". 

But SP = PM, 

. ■. ZS = ZM. 

Now in the triangles ZPS, ZPM, 

v ZP, P, S’ = ZP, PM, each to each, 
and ZS = ZM, 

the angle SPZ = the angle MPZ\ 
or PZ bisects the angle SPM. 
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Cor. 1. If ZT be produced to It, then the angle Si'll — 

the angle MPlt. 

• 

Cor. 2. It is evident that the tangent at the vertex A is 
perpendicular to the axis. 


.% Prop. VI. 

^ ft The tangents at the extremities of a focal chord inter¬ 
sect at right angles in the directrix. 

Let J'S (J he a focal chord, and let the tangent at P meet 
the directrix i- 

Join SZ; then 

the angle ZSP is a right angle, (Proj>. IV.) 
and also the angle ZSQ is a right angle, 

V /. Z<J is the tangent at Q, (Prop. IV. Cor.) 

or the tangents at the extremities of the focal chord PS V 
intersect in the directrix. 

Again, draw PM, QM' at right angles to the directrix; 
then 

since MP, PZ = SP, PZ, each to each, 

and the angle MPZ = the angle SPZ, 

. . the angle MAP = the angle SZP, 

the angle SZP is half of the angle SZM. 

So the angle SZQ is half of the angle SZM', 

.‘. the angle PZQ is half of the two SZM and SZM'. 

But the angles SZM and SZM' = two right angles,- 

the angle PZlJ is a right angle, 

or the tangents at the extremities of a focal chord intersect 
at right angles in the directrix. 
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‘ . Prop. VII. 

% 

* 9. If the tangent at any. point P of a parabola meet the 
axis produced in the point T, and PN be the ordinate of the 
point P, then N2'=2AN. 



.Join SP, and draw- PM at right angles tc the directrix; 
then 

v the angle. SPT'= the angle MP'T - the angle S2’P 

ST = /ST. 

But HP = PM = XN, 

ST=XN 
But A & = A X. 

the remainder AT.— the remainder vl.Y, 

XT =2AX. 

Def. The line NT is called the Snbtanf/ent ^ 

10. Def. The line PG, drawn at right angles to PT, is 
called the Normal at the point P, and N G the Subnormal 

Prop. VIII. 

If the normal at the point P of a parabola meet the axis 
in the point G. then NG = 2AS. 
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Since the angle SPG — the complement of the angle SPT, 
and the angle SE& = the complement of the angle S TP, 
and also the angle SPT = the angle STP, [Prop. VII.) 

the angle SPG = the angle SGP, 

SG= SP. 

But SP = PM = XN, 

SG = XN. 

Taking away the common part SN, . • 

the remainder XG = SX = 2AS. 

Phop.IX. 

II. If PX l>e an nrdmato to the parabola at the point P; 
(hen PN* = lA S'. xi-V. 

Since TVG is a -iglit angle, and l'N perpendicular to TG, 
.•. I'X is a mean proportional between l'N and*2V 7 G ; 
or PN J = 7 .V. X G. [Euclid, VI. 8 Cor.) 

But TN=2AX. (Pro/>. VII.) 
and XG = 2 A S. (Prop. VIII.) 

P Y- — 4 A .s'. AN. r 

Prop. X. 

• 

12 If the urngv-it ,.t any point P intersect the tangent at 
the vertex in )'. .1 > S Y will bisect PT at right angles,» 
and will !>c a me--\i proportional between SA and SP. 

Draw PN at right angles to the axis ; then 

since A V is parallel to PX\ 

.-. TY : YP :: TA : AN. 

But AT = AN, [Prop. NIL) 

TY = PY ; 

and v SY. YP= SY, YT, each to each, 
and SP = ST, (Prop. VT1.) 
the angle SYP= the angle SYT, 

•\ S Y is perpendicular to PT 
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Again, since TyS is a right angle, and YA perpendicular 
to ST, 

(S' F is a mean proportional between S T and SA ; 
or SY* = ST. SA: ( Euclid, VI. 8 Cor.) 

But ST= SI, {Prop. VII.) t 

8Y*=SP. SA. • My'* ?i -- l ' SA Sr 

i 

Con. If PM be drawn at right angles to the directrix, and 
M Y be joined, then 

since SP, PY = MP, PY, eacli to each, 
and the angle SPY = the angle MP Y, [Prop. V.) 

.•. the angle S YP = the angle M YP, 

SY and YM are in the same straight line. 

Prop. XI. 
r 

' 13. To draw a pair of tangents to a parabola from an 
external point. 
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Let 0 be the given external point. 

jloin 08, and with centre 0 and radius OS describe a 
circle, cutting the directrix in M and M\ which it will always 
do, on whichever side of the directrix 0 is situated, since 0 
is nearer to the directrix than to the focus. (Prop. 11.) ^ 

Draw MQ and M' Q' parallel to the axis meeting the 
parabola in Q and Q'. 

Join 0 Q, 0 <)’; these will be the tangents required. 

Join S Q and S Q'; then 

v 0 Q, QS = OQ, QM, each to each, 
and 08 = OM, 

.’. the angle 0 Q S = the angle 0 QM, 

OQ is the tangent at Q. (Prop. V.) 

So 0 Q' is the tangent at Q'. 


Prop. XII. 

14. If from a point 0 a pair of tangents 0 Q ajjd 0 Q' be 
drawn to a' parabola, the triangles OSQ, 0 S~Q' will be 
similar, and OS will be a mean proportional between SQ 
and 8 Q'. 

Join SM, cutting OQ at right angles (Prop. X. Cor.) in 
the point Y) then 

since the angle SQ 0 = the angle MQ O, (Prop. V.) 
and that the angle MQO = the angle 8MM', 
each of these angles being the complement of the angle QM 1’, 

.*. the angle SQ 0 = the angle SMM'. 

But the angle ’SMM' at the circumference is half the angle 
S OM at the centre, and is therefore equal to the angle S 0 Q. 

the angle SQ 0 = the angle S0 Q'. 

So the angle SO Q = the angle SQ 0, 
the remaining angle OSQ = the remaining]angle OSQ’. 
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And therefore the triangle OSQ is similar to the triangle 

OB<y, 

SQ : SO :: SO : SQ', 

.-. SQ . SQ' = SO 2 , 

or SO is a mean proportional between SQ and SQ'. 

of-. 04 ]:: s*: 

Pnor. XIII. 

15. If a pair of tangents 0 Q, 0 Q' be drawn to a para¬ 
bola, and 0 V be drawn parallel to the axis meeting Q (/ in 
V, then Q Q' shall be bisected in V 

4 



Draw QM, Q'M' at right angles to the directrix. 
Join OM, OM'; and let 0 V meet MM' in Z. 

Then, since OM = OM, [Prop. XI.) 
the angle OMZ = the angle OM'Z, 
andjthe angle OZM = the angle OZM', 
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and the side OZ is common to the triangles OZM\ OZM\ 

MZ = M'Z. 


And because the lines QM, ZV y Q M' are parallel, 

QV : QV :: MZ : M Z. 

But MZ=M'Z y 
QV= Q'V, 

.\ Q Q is bisected in V 


Prop. XIV. 

16. If from a point 0 a pair of tangents 0 Q> OQ be 
drawn to a parabola, and 0 V be drawn parallel to the axis 
meeting the parabola in I\ and Q Q in 1' then the tangent 
at -Z > will bo parallel to QQ\ and OV will be bisected in P. 





Draw the tangent RPR r meeting O Q> 0 Q in R and I 

Join P Q, and draw R W parallel to the axis, meeting P Q 
in TV; # ) 
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/ Then, by the last Proposition, 

V ' PW = WQ. 

And because It W is parallel to OP, 

Olt : HQ:: PW : WQ. 

But PW= WQ. 

.'. OB = BQ; 
so OB' = K Q, 

•\ OR : BQ :: OTT : B'Q', 

RR' is parallel to QQ‘. 

Again, since PR is parallel to Q K 

.*. OP : PV :: OR : R Q. 

But O It = It Q, 

OP = PI'. 

Cor. -From this it. is manifest tliat if any number of parallel 
chords be drawn in a parabola, their middle points will all lie 
on the line parallel to the axis which passes through the point 
where the tangent drawn parallel to the chords meets the 
parabola. 

I)ef. Any line P V. drawn from a point P in the parabola 
parallel to the axis, is called a Diameter. 

The point Pis called the Vertex of the diameter PV; and 
the tangent at Pthe Tavfjent at the Vertex. 

The diameter consequently bisects all chords parallel to 
the tangent at the vertex, and the tangents at the extremities 
of any chord will intersect in the diameter corresponding to 
that chord. 

Def. A line Q V, drawn parallel to the tangent at P from 
a point Q in the curve, is called the Ordinate to the diameter 
PV. 

Prop. XV. 

^ 17. If QV be an^ordinate to the diameter PV, then QV‘ l 
= 4. 8P.PV 
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17. 



Produce Q V to meet tlie parabola in Q '; and di^iw the 
tangents QO, I/O, meeting VP produced in the point 0. 
{Prop. XIV.) 


Also let the tangent at P meet 0 Q in R, and join SP, 
SR, and S (). Now since from the point R two tangents RP. 
R Q are drawn to the parabola, the triangle RPS is similar 
to the triangle RSQ, [Prop. XII.) 

.\ the angle SRP = the angle S Q R. 

But the angle SQR = the angle STQ, {Prop. VII.) 

= the angle FOR, 
the angle SRP = the angle POR, 
and the angle SPU = the angle OPR, {Prop. V. Cox- 1) 
the remaining angle RSP= the remaining angle ORP, ^ 
the triangle SPR is similar to the triangle POR, 

.\ SP : PR :: PR : PO, ' 

PR* = SP . PO, 

- SP . PV. {Prop. XIV.) 
Again, since QV is parallel to PR, 

QV: PR :: OF: OP. 

But 07 = 2 . OP, {Prop. XIV.) \ 

c 
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QV = 2 . PR, 

Q V* = 4 . PM*, 

= 4. SP. PV. 

IN. Dee. r ]'he double ordinate to tbc diameter PV, drawn 
parallel to the tangent at 1\ and passing through the focus, is 
called the Parameter of the. diameter PV. 


Proi*. XV! 


The parameter of the diameter P\ r - 4 . SP. 





j. 



Draw QSQ' tl'rough the focus parallel to tlic tangent at P, 
and let the tangent at Pmect the axis produced in T; then 

U ■ QV- = 4 . SP. PV. ( Prop. XV.) 

But PV= ST = SP, (Prop. VII.) 

~*or Q V = 2 SP, 

4 <?V = 4SP. •= If PV- 
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Prop. XVIT. . 

19. If two chords of a parabola intersect one another, the 
rectangles contained by their segments are in the ratio of the 
parameters of the diameters which bisect the chords. 

f I 

«/ . - / 
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Let. the; chords ( t h/ 9 if q intersect one another in the point (>. 

Bisect Qq. iff jn Land V; and draw the diameters P V, 
P' I" parallel to the axis. 

Also, through O draw Oil parallel to P V; and through It 
draw It IV parallel to Q V. 

Now, since Qq is divided equally in I'and unequally in 0 , 
Q 0 . Oq = Q H - 0 K*, (Euclid, II. 5) 

_ Q JT2 _ J|/2 

= ASP.PV-ASP. PW t {Prop. XV.) 

= asp. no. 


So QO . Of = 4 sr. Ji o. 

Hence QO. Oq: QO. Oq' :: ASP: ASP. 

c 


2 * 
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By Euclid, II. £, the same may be proved to be true if the 
point 0 be without the parabola. 


Prop. XVIII. •(' , " Ur 7 

20. It from an external mint 0 a pair of tangents 0 0 
OQ be drawn to the parabola, and the chord Q Q be joined’ 

the area of the figure bounded by QQ and the curve is 
two-thirds of the triangle QOQ. 



Draw the diameter 0 V meeting the curve in P; and let 
the tangent at Pmeet OQ, OQ in R and R. 

Join QP, Q P; then 


since OR = RQ, 

the triangle OPR = £ the triangle OPQ, 

= i the triangle VP Q. o 
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So the triangle OPR = £ the triangle VPQ y 

» the triangle OltR = \ the triangle PQ Q\ 

Again, if through R and R we draw the diameters Up, 
Rp ; and at the points p and p draw the tangents rprr'p'r,', 
we can pnne in the same manner as before that 

the triangle Err, = i the triangle QpP, 
and the triangle Rrr / = \ the triangle QpP. 

Continuing in this manner to form new triangles by 
drawing diameters at the points r, r,, and r\ V/, and tangents 
at the points where these diameters meet the curve, we can 
prove that the exterior triangles formed by the tangents are 
the halves of the interior triangles formed by joining the 
points of contact with the extremities of the chords. 

And the same will hold however the number of the triangles 
be increased. 

Hence the sum of all the exterior triangles will be equal 
to half the sum of all the interior triangles. 

Now when the number of the triangles is increased in¬ 
definitely, the sum of the exterior triangles will represent the 
exterior figure OQPQ, and the sum of the interior triangles 
the area of the interior figure QPQ Hence 

the area of the figure 0 QPQ = £ the area of the figure QPQ y 

area of the figure 0 QPQ = J the area of triangle Q O Q\ 

area of the figure QPQ' = % the area of triangle Q 0 Q. 

* 

21. Def. If with a point 0 on the normal at P as centre 
and OP as radius, a circle be described touching the parabola 
at P and cutting it in Q ; then when the point Q is made to 
approach indefinitely near to P, the circle is called the Circle 
of Curvature at the point P. (See jig. Prop . XIX.) 
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Prop. XIX. 

The chord of the circle of curvature, at a point P of a 
parabola, drawn parallel to the axis = ASP. 

•Let PT be the tangent, and PG the normal at the point P. 

With centre () and radios OP describe a circle cutting the 
parabola in the point (/. 

Draw It QX parallel to the axis meeting the circle in A” 
and the tangent at P in 11. 

Also draw Q V parallel to Pit, and PW parallel to the 
axis ; then 

since H P touches the circle at 1\ 

/. RQ . RX = PR*. ( Euclid , III. 'Ml) 
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But Pit 2 = QV* = 4SP. PV, (Prof>. XV.) 
RQ. RX=4SP. PV. 

But ltQ=PV, 

RX = 4SP. 


Now when the circle becomes the. circle of curvature at 
the points It and Q move up to and coincide with P, and the 
lines RX aud /'IF become equal. 


Hence the chord of the circle of curvature parallel to the 
axis = 4 HP. 

• 

Cok. I. If ] } IJ be the diameter of tlie circle of curvature, 
and PF the chord through tlie focus; then 

since the angle FPU = the angle I VPl\ (Pro//. \ ’111.) 

PF = PIV = 4 HP. 


Cok. 2. If 8 ¥ be drawn at right angles to PT\ then 
the triangle PFU\& similar to 8YI\ 

Pir : PF:: 8P : 8Y, 
or PU : 4 8P :: SP : 8 V. 


Prop. XX. 

If Q V Q ' be any ordinate to the diameter P \ \ the circle 
described through the three points P, (J, Q' will intersect the 
parabola in a fourth point, which depends only upon the. 
position of P. 

Draw the ordinate PiY, and produce it to meet the parabola 
in P '; then, 

since the subtangent = 2 . AN. (Prop. VII.) 

The tangents at P and P' will meet the axis in the same, 
point T. 

Draw Pit parallel to TP , meeting tlie parabola in li, and 
QQ' in 0; then 

PO . OR: QO . OQ':: SP': SP. (Prop. XVJX.) 
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But SP = S T = SP', [Pro,>. VII.) 

PO . 0B = QO . OQ'. 

Hence by the converse of Euclid III. P rop. 22, the point Ji 
is on the circle which passes througli P, Q, Q'. 

• 

COR. 1. Since TP and TP' are equally inclined to the axis, 
the lines Q Q\ PB, which are parallel respectively to TP and 
TP', are also equally inclined to the axis. 


Cor. 2. When the point V is brought indefinitely near to 
P, QQ' coincides with the tangent to the -parabola at P, and 
becomes also a tangent to the circle at P, since Q and Q' are 
indefinitely near to each other. The circle therefore becomes 
the circle of curvature at the point P. 

Hence if PB be drawn parallel to the tangent at F, or be 
equally inclined to the axis with PT, it will meet the parabola 
in the point where the circle of curvature at P intersects the 
parabola. . . 



PROBLEMS ON THE PARABOLA. 


1. Tup: diameter of the circle described about the triangle 
BA C is equal to 5 A S. (See fig. Prop. III.) 

2. If from the point G, GK be drawn at right angles to . 
SB, then BK = 2 AS. (Seefig. Bmp. VII.) 

• 

' .‘}. If the triangle SPG is equilateral, then SB is equal to 
the latus rectum. (Be fig. Prop. VII.) 

4. BQ is a common tangent to a parabola and the circle 
described on the iatus rectum as diameter; prove that SB • 
and S Q make equal angles with the latus rectum. 

‘ .*>. Prove that BY. PZ= SI", and that PE. YZ= AS. 
SB. (See fig. Prop. VI1.) 

6. If PL be drawn at right angles to A P, meeting the- 
axis in L, and BN be the ordinate of P, then NL = 44 S. 

7. The tangent at any point B of a parabola meets the 
directrix and latus rectum produced in points equally distant' 
from the focus. 

8. Prove that NY = TY, and that TP. TY = TS. TN. 
(See fig. Prop. Vll.) 

9. If a circle be described about the triangle SBN, the 
tangent to it from A = \P'N. (Seefig. Prop. VII.) - . 

• 10. If the ordinate of a point P bisect the subnormal of 
P', the ordinate of P is equal to the normal of P: 

V 11. If from any point on the tangent to a parabola a line 
be drawn touching the parabola, the angle between this line ' 
and the line to the focus from the same point is cbnstant. 
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A circle and parabola have the same vertex and axis. 
BA' 0 is the double ordinate of the parabola which touches 
the circle at A', the extremity of the diameter through the 
vertex A. 1 > J / is any other ordinate of the parabola parallel 
to this, nieeling the axis in N, and A It produced in B ; 
prove that the rectangle JtP. JW is proportional to the 
square of the tangent drawn from N to the circle. 

Id. Draw a parabola to touch a given circle at a given 
point, and such that its axis may touch the same circle in 
another given point. 


14. If from *Uic point of contact of a tangent to a parabola 
a chord be drawn, and another line, be dru -t. parallel to the 
axis meeting the chord, tangent, and eu- ve. this line will be 
divided by them in the same ratio as it divides the chord. 


15. [f the diameter PV meet the directrix in <>, and the 
chord drawn through the focus parallel to the tangent at 7 J in 
V; prove that PV=P0. 

16. Prove that the locus of the intersection of a diameter 
P V with the. chord drawn through the focus parallel to the 
tangent at P is a parabola. 

17. If a circle and parabola have a common tangent at /' 
and intersect iu Q and li ; and (J I , UIl bo drawn parallel 
to tlxe axis of the parabola meeting the circle in 1’ and V 
respectively, then I’ (7 is parallel to the tangent at P. 

^ IS. AH and A C are two lines at right angles to each 
other. From a fixed point C on AC, OH is drawn parallel 
to A B. On A B, produced if necessary, J‘ is taken such that 
the perpendicular PN upon A B is equal to OB. Prove that 
the curve traced out by Pis a parabola. 

19. If from a point P of a circle PC be drawn to the 
centre; and B be the middle point of the chord PQ drawn 
parallel to a fixed diameter A CB, then the curve traced out 
by the intersection of CP and A11 is a parabola. 

. 20. If two equal tangents 0 Q, 0 Q' be cut by a third 
tangent, their alternate segments are equal. 
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21. J£ is the centre of the circle described about the triarfgle » 

0 Q Q\ Prove that the circle described about the triangle 
QEQ' will pass through the focus. Prop. XII1.) 

22. PSp is any focal chord of a parabola. Prove that AP, 
Ap will meet the hit us rectum in two points 0, <], whose 
distances from the focus arc equal to the ordinates of p 
and P. 

23. Pi S'// is a focal chord of a parabola, llJ)r the directrix 
meeting the axis in />; .nd O any point on the. curve. Prove 
that if Q P, (Jp be produced to meet the directrix in U,r> half 
the hit us rectum is a mean proportional betweeft Pit, Dr. 

21. O P and O V are two tangents to a parabola. On Q O 
pr idue^d. 0<J is taken equal to (Hj; prove that OS . PQ = 

or. 

25. If <JD be drawn at right angles to the diameter PY t i 
then (, /)- = 4 AS. PV. 

2(>. If through any point O on the axis of a parabola a 
chord PO<J In* drawn, and PM, QN be the ordinates of the 
points /’mid V* prove *hal A M . A N = A 0\ 

27. If ^1 P and A(J be drawn at right angles to each other 
from tin* vertex of a parabola, and PM, QN be the ordinates 
of P and 0, |»rove that the latus rectum is a mean proportional 
between AM and ^1 N. 

28. OA Pis the sector of a circle whose centre is O. If 

the radius OA remain fixed while the angle AOP changes' 
the centre of the circle inscribed in the sector, AOP will trace 
out a parabola. * ’ 

29. QS (Jf is a focal chord parallel to AP; PN, QM , 

Q' M arc the ordinates of P, Q , and Q\ Prove that SM~ 

= AM . AN and tliat MAT' = AP. 

* 

30. PQ. PQ ' are drawn from any point P cutting the 
ordinates Q V\ Q V in W and li , prove that Vli is to V' R- 4 
in tlie triplicate ratio of QVto Q' V\ 
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'31. On a chord of a parabola as diameter a circle is described 
cutting the parabola again in two points. If these points be 
joined, the portion of the axis between the two chords is equal 
to the latus rectum. 

32. If 0 Q, 0 Q be a pair of tangents to a parabola, and 
the chord Q Q be a normal to the curve at Q , then 0 Q is 
bisected by the directrix. 

33. Two equal parabolas having the same focus and their 
axes in contrary directions intersect at right angles. 

34. The radius of curvature at the extremity of the latu? 
rectum is equal to twice the normal. 

35. If from any point P of a parabola PF and PJI be 
drawn making equal angles with the normal P6 y , then >7/"= 

SF. 811 

36. .If a triangle be inscribed in a parabola, the poi its when 
the sides produced meet the tangents at the opposite angles 
are in the same straight line. 

v 37. If the tangents OQ, OQ be cut by a third tangent in 
R , R\ prove that 

OR : RQ :: R Q : OIL 

38. If from the vertex of a parabola chords be drawn at 
right angles to one another, and on them a rectangle be 
described, the curve traced out by the further angle is a 
parabola. 

39. Prove that 2 PY is a mean proportional between AP 
and the chord of the circle of curvature at the point P of the 
parabola drawn through the vertex A. (See Jig. Prop . VII.) 

40. If a circle described upon the chord of a parabola as 
diameter meet the directrix it also touches it, and all chords 
for which this is possible intersect in a point. 

41. If a parabola roll upon another equal parabola, the 
vertices originally coinciding, the focus traces out the 
directrix. 

42. The circle of curvature at the extremity of the latus 
rectum intersects the parabola on the diameter of curvature 
passing through the point of contact. 



CHAPTER IT. 

THE ELLIPSE. 

22. Dgp. The Ellipse is the curve traced out by a point 
which moves in such a manner that its distance from a given 
iiAcd poinl. continually hears the same ratio, less than unity , 
to its distance from a given fixed line. (See Introduction.) 

v Prop. I. 

The focus and directrix of an ellipse being given, to find 
any number of points on the curve. 

Lot 8 b« the focus and MX the directrix. 

D»aw 8X at right angles to the directrix, and divide BX 
in the point A, so that aS'^ 1 may be to AX in the given fixed 
ratio less than unity; then 

A is a point on the curve. 

On XS produced take a point A such that 

8A : AX :: 8A : AX; 

then A will also be a point on the curve. 

On the directrix take any point M ; and through M and S 
draw the line M YS Y', meeting A Y and A Y', drawn at 
right angles to AA, in the points Y and Y. 

On YY’ as diameter describe a circle, and draw MPP' 
parallel to A A', cutting the circle in the points P and P'; 

P and P' will be points <yi the ellipse. 
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Join PY, PY', SP; then since. 


S Y : 

YM 

:: SA : 

A X , 

and S r : 

Y'M 

:: SA’ : 

vf'JV, 

<s r : 

YM 

:: SY' 

: r J/; 

or, alternately, 




sr: 

SY' 

:: YM 

: Y'M . 


( EurJ.ii?, VI. 2) 
{Euclid, VI. 2) 


and the angle YP Y in a semicircle is a right angle, 

PY bisects the angle 8PM* 

SP : PM :: 8 Y : YM, 

:: 8A : AX. 


So we may show that 

SP’ P'M :: SY: YM, 

:: SA : AX, 

P and P' are points on the curve. 


* For, if not, make tho angle YP8 equal to YPAf; then 

sY : YM :: *P : PM. ( Euclid , VI. 3.) 

And since, if P Y bisect 8PM, Z^Y', being at right angles to P Y, also bisect* 
the angle $ P 

*r : Y'M :: *P : PM. (Euclid , VI. A.) 
pence s Y : YM : : sY' : TM t 
1 or bY : »r ; :: YM : F'jV, 

the pf inta) S and 8 coincide. 
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In the same way, by taking other points on the directrix, 
we may obtain as many more points on the curve as we 

Con. 1. Since, corresponding to every point Pon the curve, 
there is a point /* situated in precisely the same maimer with 
respect to A' V as P is with respect to A Y\ it is clear that 
if we make A i S' equal to AS , and A'X' equal to AX, and 
draw X' M’ at right angles to A X', the curve could be equally 
well described with S' as focus and MX' as directrix. 

The ellipse is therefore symmetrical, not only with respect 
to the line AA\ but also with respect to the line OC drawn 
through the middle point of VI” at right angles to and 
bisecting A A\ 

Con. 2. The. line OP will bisect the angle SPS'. 

Let OP meet SS' in (!. Produce MP to meet X'M' in 
. 1 /', and draw J)M' passing through the focus S'; then 

' SP : PM :: SP : PM', 
or, alternately, SP : &iP :: PM : PM\ (1) 

Again, SO : PM :: S O : PM\ 
or, alternately, SO : S'G :: VM : PM\ (2) 

from (1) and (2) 

SP : S’ P :: SO : S'G , 

PG bisects the angle SPS. ( Euclid , YT. 3.) 

It will b6 shown hereafter (Prop. XI.) that the normal 
to the ellipse at the point P also bisects the angle SPS'. 
Hence the ellipse and circle have the same tangent at the 
point P. 

• 

The ellipse will consequently touch all the infinite series 
of circles which can be described in the same manner as the 
one in the figure by taking different points on the directrix. 
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b Prop. II. • - • • . . • ** 

• 0 

i 

0 23. If C be the middle point of A A', then CA is a mean 
proportional between CS and CX, 

or CS. CX = CA’. (See fy. Prop. III.) 

Since SA' : A'X :: SA : AX. 

Alternately SA' : SA :: A'X : AX, 

.-. SA' + SA : SA :: A'X + AX : AX; 

t or A A' : SA :: XX' : AX, 

.-. A A' : XX' :: SA : AX. 

or CA : CX :: SA • A X. (1)* 

Again, SA' : SA :: A'X : AX, 

.*. SA' - SA : SA :: A'X-AX : AX; 

or SS' : SA :: A A' : AX. 

Alternately SS' : A A' :: SA : AX; 

or CS : CA :: SA : AX. (2) 

Hence from (1) and (2) 

CA : CX :: CS : CA, 

CA 4 = CA'. CS; 

or CA is a mean proportional between CS and .9A'. 

Cor. Since the three lines CS, CA, CX are proportional, 
therefore, by the definition of duplicate ratio and Euclid, 
VI. 20 Cor. 

CS : CX :: CS 4 : CA\ (3) 

Prop. III. 

24. If P be any point on the ellipse, then 

SP+ S'P= A A'. 

* N.B. The, results (1), (2), (3), should be remembered, as they will 
frequently be referred to. 
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»Siii(v 

N f‘ : 

PM :: 

HA : 

A A> . 

a* ml 

.1 : 

A X :: 

.1.1' : 

XX', (Prop. 11.) 

• 

• 9 

SC : 

PM :: 

J J' : 

XX. 

So 

S'P : 

PM' :: 

AA : 

XX, 

HP 

+ S'I 

1 : PM + PM' 

:: A A : AT. 


nut PM + PM' = MM = A X, 



SP+ S'P = A A'. 


don. 1. l’.y means of this property the ellipse may he prac¬ 
tically described and tin- form of the curve determined. 

I jet..string, eijnal in length in'A have its ends fastened 
to I wo points <S and S'; and let it he kept stretched by 
me;.! « ot the point, of a ]ieneil at P; then since *S P + S'P 
will l>e ulwuy a ecjual to A A', the point ./’ will trace out tli% 
ellipse. 

(hm 2. The line A A' is the; longest line that can he drawn 
m the ellipse. 


l'<>r. if any other line PQ be drawn, then 

SP + SQ > PQ, 
and S'P + S'Q > PQ, 
SP+ S'P + SQ+ S'Q > 2 I'Q, 

or A A' > PQ. 


25. Df.f. If PCB' he drawn at .right, angles to AC A, 
meeting the ellipse in P> and Ji', it will he seen further on 
{Prop. XIII. Cor. 2) that BOB' is the shortest chord that 
can be drawn through the centre of the ellipse. (Sue fie. 
Prop. IV.) 


D 
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A A is called the Major Axis and BB' the Minor Axis of 
the ellipse. 

In most geometrical treatises the ellipse is defined as the 
curve traced out by a point which moves in such a manner 
that the sum of its distances from two fixed points is always 
the same; but it appears that the properties of the curve are 
more clearly exhibited by defining it in a manner analogous 
to the parabola, and deducing iwmediatdy from that definition 
the property in question. 

Having now shown that one definition necessarily includes 
the other, wc are at liberty in our future investigations to 
make use of whichever property is most convenient. 

^ Prop. IV. 

20. If BO be the semi-minor axis of the ellipse, then 

B(?=-CA*- CS *; 

and if SL be the semi-Iatus rectum, 

HL . AC = IlC 1 . - 



Join SB, S'B ; then 

since SB + S' B = A A', {Prop. III.) 
and that SB — S'B, 

SB = AC. 

Put B<P= SB'- CS \ 

BC' = CA'- CS'. 
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Again, SL : SX :: SA : AX, 

:: CS : GA, {Prop. II.) 

. ,\ SL . A C = CS. SX, 

= CS. CX- CS 1 , ( Euclid, II. 3) 

= GA* - CS \ (Prop. II.) 

= BC\ ■ 

• 

A Prop. V. 

' 27. 'Pile sum of the distances of any point from the foci 
of an ellipse will be less or greater than A A' according as 
the point is inside or outside the ellipse. * 



(1.) Let Q be a point inside the ellipse. 

Join -S’ Q, S'Q; and produce SQ to meet the ellipse in P; 
join S'P; then 

since S'P + QP > S'Q, 

-srp+ SPy S'Q+ SQ. 

But SP + SP= A A', (Prop. 111.) 

SQ + S' Q < A A'. 

(2.) Let Q be a point outside the ellipse. 

Join SQ, S' Q, and let SQ meet the ellipse in the point P; 
join S'P-, then 

since S'Q + QP> S'P, 

S'Q+ SQ> SP+ S'P, 

But SP + S'P = A A', (Prop. III.) 

SQ+ S'Q > A A'. 

d 2. 
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COR. Conversely, a point will be inside or outside the 
ellipse according as the sum of its distances from the foci is 
less or greater than A A'. 

28. Dkf. If a point ] y be taken on the ellipse near to /, 
(see fig. Prop. VI.) and PP’ he joined, the line PP produced, 
in tlie limiting position which it assumes when P' is made to 
approach indefinitely near to P, is called the Tangent to the 
ellipse at the. point P. 

£ Prop. VI. 

If the tangetft to tlie ellipse at any point P intersect the 
directrix in the point Z. and if & be the focus corresponding 
lo the directrix on which /' is situated, then >S Z will be at 
right angles to S P. 


// 



Let jP' be a point on the ellipse near to P. 

Draw the chord Pl y , and produce it to meet the directrix 
in Z; join SZ. 

Draw PM, P'M' at right angles to tlie directrix, and join 

SP, SF . 
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Produce PS to meet the ellipse in the point Q\ then since 
the triangles ZMI\ ZAPP' are similar, 

.\ Zr : ZF :: MV: M'P\ 

:: HP: SI y , 

SZ bisects the angle V SQ. (EuvVuf, VI. Prop. A.) 


Now when V is indefinitely near to P, and W becomes 
I lie tangent at^thc point J\ the angle PSP becomes indefi¬ 
nitely small, while the angle OSP' approaches two right 
angles; and therefore the angle ZSP\ being half of the 
angle, P'S(J> becomes ultimately a right angle* 

Hence, when PZ becomes the tangent at the. point P y 

the. angle ZSP is a right angle, 
or SZ is perpendicular to % SP. 


Don. 1. Conversely, if SZ be drawn at right angles to SP 
meeting the directrix in Z , and PZ l>e joined, PZ will be the 
tangent at P. 


Con. 2. If //'be produced to meet flic oilier directrix on 
»..e point Z\ and S' /' be joined, then 

S' Z* is at right angles to S' P. 

Con. 3. 'J’ho. tangents at the extremities of the lulus rectum 

V • 

**r double ordinate ihrough the focus meet. the. axis produced 
in the point A’. 


’ Paul 1 . Ml. 

Tin. tangent to the ellipse at any point P makes equal 
angles with the focal distances SP and S' P. 

Let the tangent at P meet the directrices in Z and Z'. 

Draw M PM' at right angles to the directrices, meeting 
them in M and M' respectively; join SZ, S' Z' ; then 

SP : PM :: S P : PM '; 
and since the triangles MPZ, M' PZ\ are similar, ' 

PM : PZ :: PM' : PZ\ 

SP : PZ :: SP: HZ'. (Ex wqualt.) 
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±$o w in the triangles SPZ 9 S'PZ\ because tlic sides about 
the angles SPZ. SPZ r arc proportional, ancl the angles VSZ 7 
PS'Z ] arc equal, being right angles, and the angles SZI\ 
S'Z'P arc each less than a right angle, 

.\ the triangles SPZ and S'PZ' are similar, ( Euclid , VI. 7) 
.'..the angle SPZ = the angle S' PZ'. 

Cor. If S' P be produced to W; then 

the angle SPZ = the angle WPZ. 

£ Prop. VIII. 

The tangents at the extremities of a focal chord intersect 
in the directrix. 

Let PS Q be a focal chord, and let the tangent at P meet 
the directrix in Z. 

Joi n SZ\ then 
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the angle ZSP is a right angle, (Prop. VI.) 

and .'. also the angle ZB Q is a right angle, 

.\ ZQ is the tangent at Q; (Prop. VI. Cor. 1) 

or the tangents at the extremities of a foeal chord intersect in 
the directrix. 

Puoi*. IX. 

29. If the tangent at P meet the axis major produced in T, 
and PN be. the ordinate of the point /' then . 

rr. CX = C A \ 



Draw MI’M' parallel to the axis major meeting the direc¬ 
trices in M and *1/'; and produce S'P to TV; then, since. VT 
bisects the angle SP IT, . (Prop. VI1. Cor.) 

.-. S' T : ST :: S'P : SP, (Euclid, VI. A.) 

:: PM' : PM, 

:: X'X : XX, 

■ S' T •+ ST : S’T- ST :: AW + AW : A"A' — AA' ; 

or 2 CT : 2 CS :: 2 CX : 2 ON, 
or CT : CS :: CX : ON, 

.-. CT. CN= CS . CX, . 

= fA\ (Prop. II.) 
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, Pitoi\ X. 

# 

If on the major axis of an ellipse as diameter a circle 
be described and a common,ordinate NP(Jf be drawn meeting: 
the ellipse in P and tlic circle in (J t then the tangents to tli(* 
ellipse and circle respectively at the* points /'and Q will meet 
tlie major axis produced in the same point. ) 



Let the tangent to the ellipse at P meet ihe major axi* 
]>roduced i)i T; join (Uj 9 (JT\ then, by tin* Inst l\upodtinn, 

(IT. OX = f r J*= <!Q\ 

the angle 0(J T is aright angle. 

And therefore Q T is the tangent to the circle at O; u£tho 
tangents at J } and (J meet the major axis,'produced in the 
same point T. 

The circle described on A A as diameter is calm the 
Auxiliary Circle on account of the important civ! that it 
affords in investigating the properties of the ellipse. 

30. DUK. The line PG, drawn at right angles to the tangent 
P'I\ i-s called the Xormal to the ellipse at the point 1\ 



i Pkoi\ XJ. 

# 

the normal at P meet the major axis in the point G; 


9 
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Him*. VO is :it right Jingles !<> Ti V, 

.. I'** e.ngle GVT — the angle OP/. 
lint ilie jingle KPT— the angle S' Vt, [Pop. V II.J 
.• t!ie angle SPG r-_ the angle S'VO, 

or VO Insert* the ;mgle SI'S', 
s(! : S' O :: SV : .S’'/'. (Euclid, \ f. ij.) 
■. .*.7/ : SO + S’O :: SV : SP + S'/'; 
or SO : :: tf/» : .1.1'; 

or I 1 ' o : >7* :: A'.S" : J J' ; 

in N O : ,S7* :: 


i '"i;. ’ lenee Jil.'u, 


S'O : S'P :: OS : 0.1. 


r 
• \ 


r. 


IVor. XII. 


."I f tN* normal at Pmvot flu*. major axis in (1, and PN 
o. the 0 ‘ 71 'i.aie y| the point !\ then Prop. XI.) 

A' (/ : NO II Or : yI fP.) 

Draw MVM' parallel to the axis meeting the directrices in 
7 and J/'; join SJ\ S'I'; then, since l'O bisects the angle 
SI'S', {Vmp. XI.) 

S'O : SO :: ST : ,SY J , 

:: PJ/' : Pd/, 

:: Jl'JV : XN, 

A" 6 s - SG : A'<? + Stf :: X'N- XN : e X'N + XN: 

or 2 CO : aS'.S" :: gCW; A'.Y'. 



42 


CONIC RECTJONS. 


Alternately, 2CG : 2CN :: SS' : A’A"; 

or CG : ON :: CS : GX, 

:: CS* : CA'\ (Prop. II. C lir ., 
CN - €G : CN :: CA 2 - C S n : CA*; 
or NO : (7A r :: BO* : A (7* 



Pitor. XIIJ. 

If PN be the ordinate. of any point /' on tlic ellipse ; 

PN* : AN. A'X :: ltd 2 : J f) 



Produce iVP to meet the. auxiliary circle in tlic point (J, 
and draw flic, tangents l‘T, QT meeting llie major axis pro¬ 
duced in the point T. (Prop. X.) 

Join CQ. and let the normal at P meet the ellipse in C ; 
then, by the last Proposition, 

NG : ON :: BC* : AC\ 

And rectangles of the same altitude are to another as their 
bases, 

TN. NG : TN. CN :: PC* : AC 2 ; 
or PN‘ : QN * :: IIC 2 : A C 2 . (Euclid, VI. 8, Cor.) 

But QN* = AN. A'N, 

since the angle A Q/V in a semicircle is a right angle, 

PN* : AN. A'N :: BC 2 : A C*. 

Cou. 1. Also PN : QN :: BC : A C. 

This result is the basis of many of the future Propositions 
of the ellipse. 
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Cor. 2. Since PN* : QN* :: BC* : A C\ 

. PN* : jffr- CN* :: BC* : AC\ 

1>N* : A f? - ON* - PN * :: B (7 s : ^4 (7 s - B 0\ 
or PiV 2 : v/ C 3 - CP 3 :: B (!* : J 6" - 77 6™. 

Now Pi\ r5t is always less than /?(?*, 

CP' is always greater than B 6 r *, 

]{(! is the shortest line that ean he drawn to the ellipse 
from the centre. 


n Prop. XIV. 


/if the tangent at any point P of an ellipse 
nVinor axis (■!> produced in /, and Pn be draw 


pre 

angles to CB ; then 

• 4 7 


meet tlie 
awn at right 


at . Cn = jh? ) 



l>raw the conmion ordinate NPiJ to the ellipse and the 
auxiliary circle ; and let the tangents at P and Q to the 
ellipse and circle respectively meet the major axis produced 
in T ( Prop. X.) and the minor axis produced in t and U. 

Join CQ meeting Pn in It; then since Pit is parallel 
to ON 


Clt : CQ:: PN s QN 9 

:: BC : #1 C. (Prop. XIII. Cor. 1.) 
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But CQ = AC, 

' • CR = BC. Tl) 

Again, joining Rt, 

Ct : CU :: RN : QN, —’ 

:: C7,* : 6 T ft 

7i/ is parallel to QJJ, 

CRt is a riglit angle, 

<'t . Cn = air-. ( E'lrlid, VI. s', fW) 
But r// = nc, (i) 
rv. vh = n ( 


This proposition also admits of a deinonstiation vmilnr to 
that given ibr the corresponding property of the In peihola. 


I’koi*. XV. 

Tf from the foci -S' and -S", -S')' and -S” P arc drawn at 
j right angles to the tangent at J\ ihen Y and )'' are on the 
j circumference of the auxiliary circle, and 

* -S')'. H'Y' = R( n .) 



' 
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Join SP, S'P, and produce SY and S'P to meet in IV; 
and join CY; then 

since the angle SPY = the angle IFPl', (Prop. VII. Cor.) 
and the angle SYP = the angle 1 V YP, 
and the side PY is common to the triangles SPY, W'PY, 
.*. the triangle. SP)' = the. triangle WP Y in all respects, 

SP=P\V, 

.-. sp+ s' p= s'u:. 

lint SP + S' r = A A', (Prop. 411.) 

.-. S' ir = A A'. 

Again SC = S'C and SY= YW, 

.\ SC : S' C :: SY : YJY, 

C 1' is parallel to S' W, 

CY : S'W:: CS : SS', 

.-. CY= } i S'!V= CA. 

So C Y' =-= CA, 

Y and > " are points on the. auxiliary circle. 

Next, let YS he produced to meet the auxiliary circle in 
Z, and join ZY'; then 

since the angle Z YY' is a right angle, 

ZY' passes through the centre C, 
the angle S ('Z — the angle S' (! Y'. 

SZ= S'T, 

.-. SY. S'Y' = SY. SZ, 

= AS. A'S, ( Euclid, III. 35) 

= CA 2 - CS\ (Euclid, II. 5) 

= BC\ (Prop. IV.) 


Con. If CD he drawn parallel to the tangent at/ 1 , meeting 
S'Pin E; then 
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since the figure CYPE is a parallelogram, 

PE = CY = A (l 





With centre 8' and radius equal to A A describe a circle. 

Join OS, OS '; and let S' O or S' 0 produced meet the 
circle in the point I 

Now, if 0 be a point outside the circle MIM\ it is evident 
that OS is greater than 01; and if 0 be inside the circle, 

since 08 + OS' > A A or S'I, {Prop. V.) 

OS > 01 

With centre 0 and radius OS describe another circle 
cutting the former in the points M and M', which it will 
always do since OS is greater than 01 


c 
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.loin S'M, S'M', meeting the ellipse in the points P and P. 
Join OP, OP ; these will be the tangents required. 

Join SP, SP'; then since 

SP+ S' P = A A' = S' M, 

SP = PM. 

And v SP, PO = MP, PO each to each, 
and OS— OM, 

l ie angle OPS = the angle OPM, 

OP is the tangent at P. (Prop. YU. Cor.) 

So OP is the tangent at P. • 

' Pitoi*. XVII. 

/ 

ii from a point 0 a pair of tangents OP, OP be drawn 
to'.m ellipse, then OP and OP will subtend equal angles at 
either focus. } 

Join SP, S'P: SP, S'P ; and produce S'P, S'P' to M 
and M\ making PM equal to SP, and PM' equal to SP/ 

Join OM, OM'-, OS, OS'. 

Then since. 0 P, J*S = OP, PM, each to each, 

and the angle OPS - the angle OPM, (Prop. VII. Cor.) 

O'8= OM, 

and the angle OSP = the angle OMP. 

So 0 S = 0 M', 

and the angle OSP' = the angle OM'P‘, 

OM = OM'. 

Again, v S'M= S' P + SP= A A', 
and S'M' = S'P'+ SP' = A A'. 

S' M == S'M'. 

And v OS’, S'M = OS’, S’M 1 , each to each, 
and 0M= OM', 

the angle 0 S'M = the angle 0 S'M', 
and the angle 0MS' — the angle OM' S'. 
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But the angle OMS' = the angle OSP 7 
and the angle OM'S' — the angle 0 SP\ 
the angle OSP = the angle OSF\ 

.\ OJ*i md OP ' subtend equal angles at either focus. 



Puop. XVL1I. 


QJ5. If from an external point 0 a pair of tangents <)Q, 
0 Q' be drawn to an ellipse, and CO be joined, meeting the 
chord QQ' in V, and the ellipse in then 

(1.) QQ wiil be bisected in I". 

(ih) The tangent at /'will be parallel to Q Q'. 

(3.) CP will be a mean proportional betwec^S (4 i' and <'(). 

n 



Produce OQ. OQ' to meet the major axis produced in T 
and T. 

Draw the ordinate NQ, N' Q', and produce them to meet 
the circle in q and q. 



CONIC SECTIONS. 


49 


Then Tq and Tq will be tangents to the auxiliary circle. 
(Prop. X.) 

Let Tq and Tq be produced to meet in o; join Co meeting 
the chord qq in v, and the circle in p. 

Now, since the corresponding ordinates of the ellipse and 
auxiliary circle are in the constant ratio of B C to A C , the 
three lines ol, pm, vn drawn at right angles to A A will pass 
through the points O , P, V respectively. 

For, according as 0 is the point where ol meets TQ or 
T Q‘ we shall have 

10 : lo :: NQ : Nq, 

:: BC : AC; 
or W : lo :: N'Q' : N'q 

:: BC : AC, 

Oo is perpendicular to A A'. 

So Pp and Vv are perpendicular to A A, 

Oo, Bp, Vo are parallel. 

11.nee (1.) Ql : VQ' :: qv : vq . 

Uut qo = cq from the circle, 

QV= VQ 

or QQ’ is bisected in V 
(2.) Since NQ : Nq :: N'Q'* : N’q' 

it is evident that QQ' and qq' will meet the axis produced in 
the same point. 

Also the tangents to the ellipse and circle at P and p 
lespectivcl^ will meet the axis in the same point. 

Now in jtlie circle the tangent at p is manifestly parallel to 

qq\ 

and NQ : Nq :: mP : tnp, 
the tangent at Pis parallel to QQ'. 

(3.) If Cq be joined, since the angle Cqo is a right angle, 
and 6 Y o is perpendicular to qq\ 

Co : Cq :: Cq : Co, (Euclid, VI. 8 Cor.) 

or, since Cq = Cp , 

Cv : Cp :: Cp : Co. 
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But Cv : Cp :: CF : CP, 

• and Cp : Co :: CP : CC, 

CF: CP:: CP: CO, 

CC . CF = CP*. 

Cor. From this it is manifest that if any number of chords 
be drawn parallel to each other in an ellipse, their middle 
points will all lie on the line drawn from the centre to the 
point where the tangent parallel to the chord meets the 
ellipse. 

Def. The line PCP drawn through the centre of an 
ellipse and meriting the curve in P and P, is called a Diameter. 

The diameter consequently bisects all chords parallel to 
the tangents at its extremities; and ‘the tangents at the 
extremities of any chord will intersect the diameter corre¬ 
sponding to that chord in the same point. A 

36. Def, If CD be drawn parallel to the tangent at P, 
then CD is said to be conjugate to CP. 


Prop. XIX. 

(in the ellipse if CD be conjugate to CP, then will CP be 
conjugate to CD .) 



Draw the ordifiates PN, DR, and produce them to meet 
the auxiliary circle in the points p, d. 

Join CP, Cp; CD, Cd; and draw the tangents TP, Tp ; 
T'D, T'd. 

Now, since CP is parallel to PT, 
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the triangle PNT is similar to the triangle DR C. 

TN : CR :: PN : DR, 

:: Np : Rd, {Prop. XIII. Cor.) 
Tp is parallel to Cd, 
the angle p Cd is a right angle, 

.•. Cp is parallel to T'd, 

the triangle pCN is similar to the triangle dTR, 

.’. NC : RT' :: Np : Rd, 

:: NP : RD, 

CP is parallel to DT, * 

CP is conjugate to CD. 

Cor. Since CUd and CNp are each similar to dRT', 
[Euclid, \I. 8) 

.•. the triangle CRd is similar to the triangle CNp, 
and the side Cd =* the side Cp, 

.\ the triangle CRd = the triangle CNp in all respects, 

' CN= Rd, and. $R = Np. 

Hence DR : C^yDR : Rd, 

:V BC : A C; 

also PN : CR :: PN : Np, 

:: BC : AC. 


Prop. XX. 


(37. If CP and CD be conjugate semi-diameters, and PN, 
DR be the ordinates of the points P and D; then 


(1.) CN*+ CR 3 = AC*. 

(2.) PN 1 + DR 1 = BC\ 

(3.) CF 1 f CD 8 = AC* + BC'.*) , 

e 2 • / ’ 
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Produce NP, RD to meet the auxiliary circle in the points 
p, d; then 

- CN= Rd, {Prop. XLX. Cor.) 

CN* + CR* = Rd* + CR\ 

= Cd\ 

= CA * 

Again, PN : Np : : PC : A 0, 

PN* : Np* :: PC* : AC*. 

So PR* : .fid* :: PG* : A C*, 

/. PJV* + PP* : f\ttj + PtP :: PC* : A Cr ; 
hut Nj^ +V<jp = C-|* + C N‘, 

PiV ! + DR* = Pi 
and 6'iV 2 + CR* = AC"’, 

cr + cd* = ac* + pc*. 

38. Def. A line (? V drawn parallel to the tangent at l\ 
and meeting CP in V, is called an Ordniate to the diameter 

CP., 




Pnop. XXI. 


a 


(if QV be any ordinate to the diameter TCP', and CD be 
conjugate to CP; then 

QV : PV.PV :: CD* : CP*.) 
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Draw the tangent UQW meeting CP and CD produced 
in U and W ; and draw QR parallel to CP, meeting CD in R. 

Now, since CR : CD : : CD : C W, {Prop. XVIII.) 

CR* : CD* :: CR : C W, {Euclid, VI. 20 Cor.) 
or QV* : CD * :: UV : Cl 7. 



or UV : CU :: PV. F V : CP\ 
Hence QV* : CD* :: PV. FV : CP*, 
or QV* : PF. FV :: CD 2 : CP 2 . 


() Prop. XXII. 

(39. The area of any parallelogram formed by drawing 
tangents to an ellipse at the extremities of a pair of conjugate 
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diameters is equal to the rectangle contained by the axes of 
the ellipse.^ 

Let POP', DCD' be a pair of conjugate diameters, and 
let a parallelogram be formed by drawing tangents at the 
points P, P r , D, D’. 



Let the tangent at P meet CA produced in T\ join D‘ T. 

Draw the ordinates PN, I)R, D’R’; then since PT is 
parallel to CD', the parallelogram PD' is double the triangle 
GTD', and therefore equal to the rectangle contained by CT 
and D'R'. 

Now D'R' : CN :: BC : AC, {Prop. XIX. Cor.) 

CT. D'R' : CT. CN :: BC : AC, {Euclid, VI. 1) 

:: BC. AC: AC 1 . {Euclid, VI. 1.) * 
But CT. CN= AC 1 , 

CT. D'R' = AC. BC, 

.'. the parallelogram LL' = 4 the parallelogram PD', 

= 4AC. BC, 

= AA'. BB'. 







CONIC SECTIONS. 



Cor. If PF be drawn at right angles to DCD' meeting 
C0 in F; then 

PF. CD' = area of parallelogram PD' y 
= AC. BO. 


Prop. XXIII. 


( 40 . If CP and CD '> 0 . conjugate diameters, and PF be 
drawn at right angles t<« CD r >eeting CA in G, then 

PF PG = BC\ ' • 



Draw the ordinate PN, and produce it to meet CD' in K. 

Also draw Pn at right angles to CB, and let the tangent 
at Pmeet CB produced in t. 

Now, since the angles at N and F are right angles, it i j 
evident that a circle may be described about the quadrilateral 

figure NKFG ; 

/. P G . PF = PN. PK, (Euclid, III. 36 Cor.) 

= Ct . Cn, 

= BC\ (Prop. XIV.) 
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Prop. XXIV. 

(41. If P be any point on the ellipse, and Cl) be conjugate 
to CP, then . 

SP. S'P = CD*. ) 



Draw the normal PQ and produce it to meet CD' in F\ 
then since CD' is parallel to the tangent at P, 

PF is at right angles to CD', 

PF. CD = AC. DC, {Prop. XXII. Cor.) 

and PF. P G = EC* = DC. DC, {Prop. XXIII.) 

.-. CD : PG :: AC : DC. (1) 

Again, SP .SO :: CA : CS, {Prop. XT.) 

S'P : S'G :: CA : CS. {Prop. XI.) 

Compounding SP. S'P: SG . S'G :: CA 2 : CS\ 

.-. SP. S'P : SP. S'P- SG . S'G :: CA* : CA* - CS*. 

But SP. S'P - SG . S'G = PG*, {Euclid, VI. Prop. B) 

SP. S'P : PG* :: CA* : DC*. (. 

But from (1) CD* : PG* :: CA 2 : DC*, 

SP. S'P = CD*. 


This 
Prop. X 



may also be very easily deduced from 


C 
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■' Prop. XXV. 1 

^C42. The area of the ellipse is to the area of the auxiliary 
circle as BC to AC. 



Let PN and PN' be two ordinates of the ellipse near 
together. 

Produce NP, N'P', to meet the auxiliary circle in Q 
and Q'. 

Draw Pm, Qn, perpendicular to Q'N'. 

Then 

the parallelogram PN' : the parallelogram QN' :: PN: QN, 

:: BC: AC. 

• 

And the same will be true for all the parallelograms that 
can be similarly described in the ellipse and auxiliary circle. 

Hence the sum of all the parallelograms inscribed in the 
ellipse is to the sum of all the parallelograms inscribed in the 
circle as BC to A C. 

And this holds however the number of parallelograms be 
increased. 

But when the number of parallelograms is increased, and 
the breadth of each diminished indefinitely, the sum of the 
parallelograms inscribed in the ellipse will be equal to the 
area of the ellipse, and the sum of those inscribed in the 
circle to the area of the circle. Hence 

the area of the ellipse : the area o£ the circle :: BC : AC. 
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43. Def. If with a point 0 on the normal at P as centre, 
and OP as radius, a circle be described touching the ellipse 
at P, and cutting it in Q ; then, when the point Q is made to 
approach indefinitely near to P, the circle is called the Circle 
of Curvature at the point P. 

Prop. XXVI. y 

^' (ff PTI be the chord of the circle of curvature at the point. 
P of an ellipse, which passes through the centre ; then 

PII. CP = 2 CD*.) 

Let PT be the tangent, and PO the normal at the 
point P. 



With centre 0, and radius OP, describe a circle cutting the 
ellipse in the point Q. 

Draw PO IP P ara llel to CP, meeting the circle in W, and 
TP produced in P. , 
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Also draw Q V parallel to PE, meeting tlie diameter PP' 
in V; then since IIP touches the circle at P, 

RQ . RW = PE! 1 , ( Euclid , III. 36) 

or PV. EW= QV*. 

But QV* : PV.P'Vv. CD* : CP 1 , (Prop. XXL) 

PV. BW : PV. P'V :: CD* : CP 2 , 
or EW : P'V :: CJ>* : CP*. 

Now, when the circle becomes the circle of curvature at 
P, the points E and Q move up to, and coincitte with P, and 
the lines E W and PJI become equal, while 

P V becomes equal to PP', or 2 CP. 

lienee, PH : 2CP :: CD* : CP 2 , 

PH. CP : 2CP* :: 2CD 2 : 2CP 2 , 

PH. CP= 2CD 2 . 


- Prop. XXVII. 

(If PU be the diameter of the circle of curvature at the 
point P of the ellipse, and PF be drawn at right angles to 
C D; then 

PU. PF=2CD 2 .y 

Since the triangle PH U is similar to the triangle PFC, 

PU : PH :: CP : PF, 

.-. PU. PF = PII. CP, 

= 2 CD 2 . (Prop. XXVI.) 


Pkop. XXVIII. 

^If PI be the chord of the circle of curvature through the 
focus of the ellipse ; then 

PI. AC = 2(gD\^ 
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Let PI meet CD iti E ; then, since the triangles PI U and 
I’EF are similar, 

PI : PU :: PF : PE. ' 

But PE = AC, [Prop. XV. Cor) 

PI : PU :: PF : <7, 

PI. AC = PU. PF ; 

= 2 CD°. ( Prop. XXVII.) 


- Prop. XXIX. 

(•14. If two chords of an ellipse intersect one another, the 
rectangles contained by their segments arc proportional to 
the squares of the diameters parallel to them.) 

Let POP he any chord drawn through the point U, and 
let CD be the semi-diameter parallel to it 

Draw the ordinates NP, N'P', MD. and produce them to 
meet the auxiliary circle in Q, Q', D' ; then 

since NP : NQ :: N'P' : N'Q\ (Prop. XIII. Cor.) 

x t is evident that PP' and QQ will meet the axis produced 
i nthe same point T. 


Q' 



Also since NP : NQ :: MD : MD', (Prop. XTII. Cor.)■ 

and TPP is parallel to CD, 

.\ TQQ( is parallel to CD'. 
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Draw EO parallel to NQ or N'Q', and produce it to meet 
Q Q' in O' ; then 

* PO : Q O' : : TO : TO', 

and PO : Q'O':: TO : TO', 

PO .PO : QO' . Q'O' :: TO 2 : TO'*, 

:: CD* : CD' 2 , 

:: CD* : A C*. 

Alternately, PO . P'0 : CD 2 :: QO' . Q'O' : A C*. 

Again, if through the point 0 any other chord pOp he 
drawn, 

since EO : EO' :: PC : AC, 

it is manifest that the corresponding chord </</' in the auxiliary 
circle will pass through the point O'; and if Cd be the 
semi-diameter par all" I to pp we shall have as before, 

p0 .pit : Cd* :: qO'.q'O' : AC*. 
ft ill 00'. QO' ■--- qO'. q'O', (Euclid, III. 3 r>) 

VO.ru : CD 8 :: pO.p'O : Cd 2 , 
or PO . PO : .yO : '*0* : f/rf*. 

The same result may be shown to be true when the point 
() is without the ellipse. 


1W. XXX. ^ 

(if QV ()' be any ordinate to the diameter Cl\ the circle 
described through the three points l\ Q, Q' will intersect the 
ellipse in a fourth point, which depends o 
of / 

y 

/ 

Draw the ordinate PN, and produce it to meet the ellipse 
in P'; then, since, if NT be the subtangent of either P 
or F, 

C T. ON = A C\ (Prop. IX.) , 

therefore the tangents at P and P' will meet the major axis 
produced in the same point T. 


nly upon the position 
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Draw Pit parallel to TP\ mooting the ellipse in 11, and 
IJQ' in 0\ then if CD and CJ)' be drawn parallel re¬ 
spectively to 77*and TP', meeting the ellijj.se in 1> and 1)\ 

PO. Oil : (JO. OQ :: CIV : <'!>\ (Prop. XXIXd 
But Cly = CD . since CP 9 = Cl\ 

po. on = qo . o q\ 

Hence, by tlie converse of IJ/rc/tfl 111. Prop. 22, the point 
11 is on the circle which passes through p> 0, Q 

COK. When the point V is brought indefinitely near to P, 
QQ' coincides with the tangent to the ellipse at P, and 
becomes also a tangent to the circle at P since Q and Q' are 
indefinitely near to each other. The circle therefore becomes 
the circle of curvature at the point 1\ 

Hence, if Pit be drawn parallel to the tangent at P\ or be 
equally inclined to tlie axis with PT, it will meet the ellipse 
in the point where the circle of curvature at P intersects the 
ellipse. 



PROBLEMS ON TI1E ELLIPSE. 


1 In what position of P is the angle 8 PS' greatest? 

2. The latus rectum is a third proportional to the axis 
major and axis minor. 

•>. Construct on the axis minor as base, a rectangle which 
shall be to the triangle 8L8' in the duplicate ratio of the 
major axis to the minor axis, L being the extremity of the. 
latus rectum. 


4. If a series of ellipses he described having the same 
major axis; the. tangents at the extremities of their latent 
recta will all meet tin., minor axis in the same point. 


5. Find the locus of the centres of all the ellipses having 
the same focus,- and their major axes of the same length, and 
touching a given straight line. 


0. Given the foci, it is required to describe an ellipse 
touching a given straight line. 


7. If PTbe a tangent to an ellipse, meeting the axis in 1\ 
and A P, A'P, be produced to meet the perpendicular to the 
major axis through T in Q and then QT= Q'T 


8. if the angle 8 PS' be a right angle, prove that 

<!A* = 2C1P. 


!>. If CP be a semi-diameter, and AQO be drawn parallel 
t»* CP nUeting the curve in Q . and CP produced in (9, then 

CP 2 = AO.AQ. 

10. If AP, CD, which are not parallel, make equal angles 
with either axis, the lines A C y J>D y as also AI), PC , will 
make equal angles with either axis. 
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11. PSp is any focal chord. PA and pA are produced to 
meet the directrix in Q and q. Prove that the angle Q Sq is 
a right angle. 

12. If a circle he described touching the axis major in one 
focus, and passing through one extremity of the axis minor ; 
A C will be a mean proportional between the diameter of this 
circle and PC. 

1 f>. If PQQ'P' be a chord of the auxiliary circle, and a 
circle be described on the minor axis as diameter, cutting the 
chord in Q and Q', then PQ . FQ= Cl S'"*. 

14. If PG he the noxmal at P, and GL be drawn at right 
angles to SP, then PL = ^ latus rectum. 

15. The sum of the squares of the normals at the ex¬ 
tremities of conjugate diameters is constant. 

1C. If on the normal at P, PQ be taken equal to the semi¬ 
conjugate diameter CD, the locus of Q is a circle whose 
radius is AC — PC. 

17. Find the locus of the intersection of a pair of tangents 
at right angles to each other. 

18. P is any point on an ellipse. To any point Q on 
the curve draw A Q, A'Q, meeting NP in It and S, and 
prove that NR . NS = Nl*. 

19. If PG be, a normal, and GL perpendicular to SP, the 
ratio of GL to PN is constant. 

20. If NP produced meet the tangent at the extremity of 
the latus rectum in Q, then QN = PS. 

21. In an ellipse the tangent at any point makes a greater 
angle with the focal distance than with the perpendicular on 
the directrix. 

22. A diameter of an ellipse, parallel to the tangent at any 
point, meets the focal distances of the point, and from the 
points of intersection lines are drawn perpendicular to the focal 
distances. Prove that these lines intersect in the axis minor. 

23. The subnormal is a third proportional to C T and PC. 
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24. If PNhe the ordinate of P, prove that NY : NY' :: 
PY : PY'. (See fig. Prop. XV.) 

25. If from C lines be drawn parallel and perpendicular to 
the tangent at P, they inclose a part of one of the focal 
distances of that point equal to the other. 

26. If P be a fixed point on an ellipse, and QQ' an 
ordinate to CP, the circle QPQ' will meet the ellipse in 
a fixed point. 

27. P is any point on an ellipse. Draw PP' parallel to the 

axis major, and through F draw P'Q, PQ', making equal 
angles with the major axis. .loin QQ'; then QQ' is parallel 
to the tangent at P. • * 

28. What parallelogram circumscribing an ellipse has the 
least area*? 

21). When is the square of the sum of conjugate diameters 
least V 

•50. Given the axes of an ellipse, and the position of one 
focus, and of one point in the. curve, give a geometrical con¬ 
struction for finding the centre. 

81. If lines drawn through any point of an ellipse to the 
extremities of any diameter meet the conjugate Cl) in M 
and N, then CM. CN= CI)\ 

82. If CP and Cl) be conjugate, prove that 

(SP - A (tf + (SI) - AC)* = SC\ 

538. If CP and CD be conjugate, and PP, P D be joined, 
as also AD, A'P, these latter meeting in 0, then PI) OP is 
a parallelogram. When is the area greatest? 

34. It PSp, QCii be. two parallel chords through the focus 
and centre of an ellipse, prove that 

SP. Sp : CQ. Cq :: PC 2 : AC 2 . 

_ 35. If the tangent at the vertex A cut any two conjugate 
diameters in T and t, then AT. At = ft£\ AH 1 * 

36. If the tangents at three points P, Q, P intersect in P /t 
Q,, P lt prove that 

PR. • P.Q ■ Q.R = PQ,.R,Q. P,P. 

F 
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37. If a circle be described touching SP, S'P produced, 
and the major axis of the ellipse, find the locus of the centre. 

38. If from the extremities of the axes of an ellipse any 
four parallel lines be drawn, the points in which they cut the 
curve are the extremities of conjugate diameters. 

39. If two tqual and similar ellipses have a common 
centre, the points of intersection are at the extremities of 
diameters at right angles to one another. 

40. If PSQ be a focal chord, and X the foot of the 
directrix, XPand XQ are equally inclined to the axis. 

41. OP, 0 Q are tangents to an ellipse, and PQ is pro¬ 
duced to meet the directrices in R, It’, prove that 

RP \ KP : RQ.R’Q :: 01* : OQ\ 

42. NPQ is a common ordinate to the ellipse and auxiliary 
circle. Pit , Qll arc normals at P and Q intersecting in It. 
The locus of It is a circle whose radius is A 0 + BO. 

43. If the conjugate to CP meet SP, H P, or these pro¬ 
duced in E, E '; then SE = S'E\ and the circles circum¬ 
scribing SCE, S’GE' are equal. 

44. The locus of the middle points of all focal chords in 
an ellipse is a similar ellipse. 

45. The circle described about the triangle SB S' will cut 
the minor axis in the centre of the circle of curvature at B. 

46. The locus of the centre of the circle inscribed in the 
triangle BPS' is an ellipse. 

47. If a circle be described intersecting an ellipse in four 

J oints, and chords be drawn through the points of intersection, 
iameters parallel to the chords will be equal. 

48. An ellipse slides between two lines at right angles to 
each other, find the locus of its centre. 

49. If from the focus S perpendiculars be drawn upon the 
conjugate diameters CP, Cl), these perpendiculars produced 
backward will intersect CD and CP in the directrix. 

50. Find the point at which the radius of curvature is a 
mean proportional between the major and minor axes. 
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51. The circle of curvature at a point, where the conjugate 
diameters arc equal, meets the ellipse again at the extremity 
of the diameter. 

52. The locus of the intersection of lines drawn from A, A' 
at right angles to A P, A'P\& an ellipse. 

If a quadrilateral figure he inscribable in two ellipses 
whose major axes arc parallel or perpendicular, any two of 
its opposite angles will lie equal to two right angles. 

54. If CN f NP arc the abscissa and ordinate of a point 
/'on a circle, whose centre is C, and NQ be taken equal to 
XP, and be inclined to it at a constant angle, tjio locus of Q 
is an ellipse. 

55. If two ellipses having the same major axes can be 
inscribed in a parallelogram, the foci will be on the corners of 
an equiangular parallelogram. 

' 56. Two ellipses, whose major axes arc equal, have a com¬ 
mon focus. Provo that they intersect in two points only. 

57. A circle described about the triangle SPS' cuts the 
minor axis in It on the opposite side to 1\ Prove that Sit 
varies us the normal PC. 

58. If r and It be the radii of the circles inscribed in and 
about the triangle SPS', prove that It . r varies as SP . S'P. 

59. The circle described upon PC as diameter cuts SP, 
S'P in K and L . Prove that KL is bisected by PC, and is 
perpendicular to it. 

iC 60. If from S' a line be drawn parallel to SP, it will meet 
SY in the circumference of a circle. 

61. T and t are tlie points where the tangent at P meets 
the axes. CP is produced to meet in L the circle described 
about the triangle TCt ; prove that PL is half the chord of 
the circle of curvature at P in the direction of C , and that 
CP. CL is constant. 

62. About the triangle PQR an ellipse is described, having 
its centre at the point where the lines drawn from P, Q, R to 
the middle points of the opposite sides meet. CP, CQ, CR 
are produced to meet the ellipse in F, Q', R’. Prove that 

F 2 • 
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the tangents at P', Q\ R' form a triangle similar to PQR , 
and four times as large. 

63. Lines from Y and Y' perpendicular to the major axis 
cut the circles on SP, S’J* as diameters in I and J. Prove 
that IS, and J S', when produced, intersect BC in the same 
point. 

64. If from the ends of any diameter chords be drawn to 
any point in the ellipse, the diameters parallel to these chords 
will be conjugate. 

* 65. If T\jo the angle between tangents at the extremities 
of a focal chord, and 0 the angle subtended by the chord at 
the other focus, then 

2 T + 0 = 2 right angles. 

66. The acute angles which SP, SQ make with the 
tangents arc complementary. Prove that BC* is a mean pro¬ 
portional between the areas of the triangles SI*S', SQS . 
Also, show that the problem is impossible unless BC < < ■ S. 

67. A scries of ellipses have their equal conjugate diameters 
of the same magnitude. One of these diameters is fixed and 
common, while the other varies. The tangents drawn from 
any point in the fixed diameter produced will touch the ellipses 
in points situated on a circle. 

68. If on the longer side of a rectangle as major axis an 
ellipse be described, passing through the intersection of the 
diagonals, and lines be drawn from any point of the ellipse 
exterior to the rectangle to the ends of the remote side, they 
will divide the major axis into segments, which are in geo¬ 
metric progression. 

69. From any point Pof an ellipse PQ is drawn at right 
angles to SP meeting the diameter conjugate to CP in Q. 
Prove that PQ varies inversely as the perpendicular from P 
on the major axis. 

* 

' L 70. In an ellipse SQ and S'Q, drawn at right angles to 
a pair of conjugate diameters, intersect in Q. Prove that the 
locus of Q is a concentric ellipse. 



CHAPTER III. 


THE HYPERBOLA. 

45. 1>KF. The Hypcrlola is the curve traced out by a 
point which moves in such a manner that its distance from 
a given fixed point continually bears the same ratio, greater 
than■ unity, to its distance from a given fixed line. (See In¬ 
troduction.) 


Prop. I. 

(flic focus and directrix of a hyperbola being given, to 
find any number of points on the eurve.^ 

Let S bfe fim* focus, and MX the directrix. 


Draw SX at right angles to the directrix, and divide SX 
in the point A, so that SA may be to HA' in the given fixed 
ratio, greater than unity; then 

A is a point on the curve. 

On SX produced take a point A', such that 

SA' : A'X :: SA : AX; 

then A! will also be a point on the curve. 

On the directrix take any point M; and through S and M 
draw the line SYMY', meeting AY and A' 1 , drawn at 
right angles to A A', in the poiuts Y and Y 

On Y Y' as diameter describe a circle, and draw PMP' 
parallel to A A', cutting the circle in the poiuts P and P; 

P and F will be points on the hyperbola. 
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Join P Y, P Y', SP; then since 

SY : YM :: BA : AX, ( Euclid, VI. 2.) 
and SY' : Y'JT :: BA' : A'X, {Euclid, VI. 2.) 
SY : YM:: SY' : Y'M- 
or, alternately, SY: SY' :: YM : FJ/, 
and the angle YPY' in a semicircle is a right 

PI'bisects the angle SPM* 

SP: PM:: BY: YM, 

:: BA : AX. 

So we may show that 

• SP' : P'M :: ST : YM, 


* For, if not, make the .angle YPm equal to YPS; then 

*97: Ym :: SP : Pm, (Euclid, VI. 3) 

and, since, if P Y bisect SPm, P )" being at right angles to P Y, also bisects 
the angle between 'HP and SP produced ; 

SY' : Y'm :: SP : Pm , (Euclid, VI. A.) 

lienee S Y : Ym :: SY' : Y'm, 

or SY : 57' :: Ym : Y'm; 

the points M and m coincide. 
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:: SA : AX, 

P and F are points on the curve. 

In the same, way, by taking other points on the directrix* 
wc may obtain as many more points on the curve as we 
please. 

Con. 1. Since, corresponding to every point P on the 
curve, there is h point P' situated in precisely the same 
manner with respect to A! Y' as P is with respect to A Y, it 
is clear that if we make A'S' equal to A S, and A'X' equal 
to A X, and draw X'M' at right angles to A X', the curve 
could be equally well described with S' as focus and M'X' 
as directrix. 

The hyperbola is therefore symmetrical, not only with 
respect to the line A A', but also with respect to the line OC 
drawn through the. middle point of YY' at right angles to 
and bisecting A A'. 

Con. 2. The line OP produced will bisect, the angle SPW 
between SP a.id S'P produced. 

Produce OP and S'S to meet in G. Produce PM to meet 
A"J/' in M', and draw OS' passing through the point M' ; 
then 

SP : PM :: S'P : PM\ 

or, alternately, SP : S'P :: PM : PM. (1.) 

Again, SG : PM :: S'G : PM, 

or, alternately, SC : S'G :: PM : PM. (2.) 

from (1) and (2) 

SP : S’P :: SG': S'G. 

PG bisects the angle SPW. ( Euclid , YI. A.) 

It will be shown hereafter {Prop. IX.) that the normal to 
the hyperbola at the point P also bisects the angle SPW. 
Hence the hyperbola and circle have the same tangent at the 
point P. The hyperbola will consequently touch all the 
infinite series of circles which can be described in the same 
manner as the one in the figure, by taking different points on 
the directrix. 
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Prop. IT. 

(_46. If C be the middle point of A A'; then CA is a mean 
proportional between C S and CX,) 

or CS. CA = CA 2 . (See fig. Prop. 111.) 


Since SA' : A'X :: SA : AX. 


Alternately, SA' : 

SA 

:: A'A' : 

AX, 


.-. SA' - SA : 

SA 

:: A X - 

AX: 

: AX, 

or A A' : 

SA 

:: A'A" : 

AX, 


.-. A A : 

XX' 

:: SA : 

AX, 


or CA : 

CX 

:: SA : 

AX. 

(!•)* 

Again, SA' : 

SA 

:: A'X : 

A X. 


.-. SA' + SA : 

SA 

:: A'X + 

AX : 

A A', 

or SS' : 

SA 

:: A A’ : 

A]C. 


Alternately, SS' : 

A A' 

:: SA : 

AX, 


or CS : 

CA 

:: SA : 

AX. 

(2.) 


Hence, from (1) and (2), 

CA : CX :: CS : CA, 

.-. CA 2 = CX. CS. 

Or CA is a mean proportional between CS and CX. 

Cor. Since the three lines CS, CA, CX, arc proportional, 
therefore, by the definition of duplicate ratio, and Euclid, VI. 
20 Cor., 

CS : CA' :: CS 2 : CA*. (3.) 

Prop. III. ■ 

^47.(j[f P be any point on the hyperbola, and S be the focus 
nearer to P‘, then 

S'P - SP = A A'.) 

Since SP : PM :: SA : AX, 

* N.B. The results (1), ^2), (3), should be remembered, as they will bo 
irequently^referred to. 
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and BA : AX :: A A' : AA", {Prop. II.) 

\ BP : PM :: A A' : XX'. 

So S'P : Pil/' :: A A' : ATX, 

• -S'P - *SP : PM -PM :: A A' : XX'. 

'ut PAT - pjtf = MM' = A'A", 

-S'P - -S'P = A A'. 

Cor. By means of this property the hyperbola may be 
practically described, and the form of the curve determined. 

Let a rigid bar S' Q of any length have one end fastened 
at the focus S', in such a manner that it is capable of turning 
freely round -S' as a centre in the plane of the paper. 

At the other end of the bar let a string be fastened of such 
a length that when stretched along the bar it shall just reach 
to within a distance equal to A A from the end -S' of the 
bar. 
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If tlio loose end of the string he now fastened to the focus 
S } and the rod being initially placed in the position S' S, he 
made to revolve round S\ while the string is kept constantly 
stretched by means of the point of a pcneil at I\ in contact 
with the bar ; since S'1* and SP are always increasing by 
the same amount, viz. the length of the portion of the 
string that removes itself from the bar, between any two 
positions of P, the difference between S' P and SP will be 
constantly the same, and the point P will trace out the 
hyperbola. 

Another perfectly similar branch may be described in the 
same manner by making the bar revolve round S as centre. 

In this case SP — S' P will be equal to A A. 

The curve, therefore, consists of two similar branches, 
which recede indefinitely both from the line A A and also 
from the line BCB' drawn bisecting A A at right angles. 
(See Jig . Prop. IV.) 

48. If BC be taken of such a length that 

BC 7 = CS 2 - CA\ 
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and ClV be made equal to CB, then A A' and BB ' are 
called respectively the Transverse and Conjugate Axes. 

The line BOB' docs not meet the hyperbola, and the 
reason of its being introduced will be seen further on. 

If the conjugate and transverse axes are equal, the hyper¬ 
bola is said to be rectangular or equilateral. 

The property of the hyperbola, which we have just inves¬ 
tigated, viz. that the difference between SB and S' P is con¬ 
stant, is sometimes taken as the definition of the curve. (See 
Chapter 11 . Art. 25.) 

Also as in the ellipse, if SL be the semi-tatus rectum, it 
may be proved that 

SL . AC = nc\ 


Prop. IV. 

49.^Thc diflerenoe of the distances of any point from the 
foci of a hyperbola will be greater or less than A A', according 
as the point is on the concave or convex side of the eurve.^ 

N 


\ 


\ 


\ 


\ 


n 


\ 


Ti' 


r 



(1.) Let Q be # a point on the concave side of the 
hyperbola. 

^ Join S Q y S’ Q, and let S' Q meet the curve in F ; join 
XP ; then 


since S'Q= S’P+ PQ, 
and SQ < SP+PQ, 
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S' Q — SQ > S'P- sr. 
but ST- SP = A A', 

S' Q - SQ > A A'. 

(2.) Let Q be a point on the convex side of the curve, 
nearer to S than $ ; join SQ, S' Q, and let SQ meet the 
curve in P; join S'P; then 

S'Q< S'P+PQ, 
and SQ = SP+ PQ, 

S' Q — SQ < S'P - SP, 
but S'P- SP= A A', 

S' Q - SQ < A A', 

so if Q be nearer to S' than S, we can show that 

SQ- S'Q< A A'; 

Cor. Conversely a point will be on the concave or convex 
side of the hyperbola, according as the difference of its dis¬ 
tances from the foci is greater or less than A A'. 

50. Dkf. If a point P' be taken on the hyperbola near to 
P ( see Jig. Prop, V.), and PP' be joined, the line PP' pro¬ 
duced, in the limiting position which it assumes when P' is 
made to approach indefinitely near to P, is called the Tangent 
to the hyperbola at the point P. 


Prop. V. 

^lf the tangent to the hyperbola at any point P meet the 
directrix in the point Z, and if S be the focus corresponding 
to the directrix on which Z is situated, then SZ will be at 
right angles to SP.^f 





Let P' be a point on the curve near to P. 

Draw the chord 77", and produce it to meet the directrix 
in join SZ. 

Draw PM, l y M' at right angles to the directrix, and join 
SP. SP'. 

Produce PS to meet the hyperbola in Q ; then since the 
triangles ZMP, ZM' 7" are similar, 

ZP ZT y :: MP : M'P', 

:: SP . Sl y . 

SZ bisects the angle 7" SQ. ( Euclid , YT. A.) 

Now, when P' is indefinitely near to P, and PP' becomes 
the tangent at the point P, the angle PSP' becomes in¬ 
definitely small, while the angle QSP / approaches two right 
angles; and therefore the angle ZSP', being half of the angle 
P'SQ, becomes ultimately a right angle. 

Hence, when PZ becomes the tangent at the point P, the 
angle ZSP is a right angle, 

or SZ is perpendicular to SP. 
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Con. 1. Conversely, if SZ be drawn at right angles to SP, 
meeting the directrix in Z, and PZ be joined, PZ will be the 
tangent at P. 

Con. 2. If PZ be produced to meet the other directrix in 
Z', and S'Z' be joined ; then 

S'Z' is at right angles to S'P. 

Con. 3. The tangents at the extremities of the latus rectum, 
or double ordinate through the focus, meet the axis in the 
point X. 


Pkop. VI. 


(The tangent to the hyperbola at any point P makes equal 
angles with the focal distances SP and S'P. J 



Let the tangent at P meet the directrices in Z and Z'. 

Draw PMM' at right angles to the directrices meeting 
them in M and M' respectively ; join SZ , S'Z'; then 

SP : PM xi S'P : PM'. 
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And since tlie triangles ZMP, Z' M' P are similar, 

PM : PZ :: PM' : PZ', 

SP : PZ :: S'P : PZ'. (Ex ccquali .) 

Now in the triangles SPZ, S' PZ' because the sides about 
the angles SPZ, S'PZ' are proportional, and the angles 
PSZ, PS' Z' are equal, being right angles, and the angles 
SZP, S' Z P are each less than a right angle, 

the triangles SPZ, S' PZ' are similar. (Euclid, VI . 7) 

the angle SPZ = S' PZ'. 


Pro i’. VII. 

(riic tangents at the extremities of a focal chord intersect in 
the directrix ^ 

Let PSQ be a focal chord, and let the tangent at Pmeet 
the directrix in Z. Join SZ\ then 

the angle ZSP is a right angle, (Prop. V.) 

And also the angle ZSQ is a right angle, 

ZQ is the tangent at Q. (Prop. V. G’or. 1.) 

Or the tangents at the extremities of a focal chord intersect 
in the directrix. 


Prop. VIII. 

oi.^If the tangent at P meet the transverse axis in T, and 
PN be the ordinate of the point P; then 

G T. CN = GA\ ) 

Draw PMM' at right angles to the directrices meeting 
them in M and M'. Join SP, S'P ; then 

since PT bisects the angle SPS(Prop. VI.) 

S'T: ST:: S'P : SP, (. Euclid, VI. 3.) 

:: PM' : PM, 

:: X'N : XN. 
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or 2 GT : 2 CS 



or O T : Pi S' 





or. on = CS.ox, 


— OA . ( Proj). 11.) 

52. Dee. The line PC, drawn at. right angles to the tangent 
PI\ is called the Normal to the hyperbola at the point P. 


Pi;or. IX. 

(If the normal to the hyperbola at the point P meet the 
transverse axis in the point G, and PN be the ordinate of 
the point P, then 

NO : NO :: BOA : A G\ ) 

Draw PMM’ at right angles to the directrices, meeting 
them in M and -IT, and produce S'P to W; then since 

the angle TP G is a right angle, 
the angle WPG - the complement'of the angle S’P'T, 
and the aggie SPG = the complement of the angle SPT ; 
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but the angle S'PT = the angle SPT, 

.*. the angle WPG = the angle SPG, 

.*. PG bisects the angle SPW, 

S' G : SG :: S'P : SP, {Euclid , VI. A.) 

:: PM' : PM, 

:: X'N : XN, 

S'<7 + SG : S'G- SG:: X'N+ XN: X'N - XN; 

ot2CG : £S' :: 2 CN : XX'. 

Alternately, 2CG : 2CN:: SS' : XX; 

or CG : CN:: CS : CX, - , 

:: CS* : CA\' [Prop. II. Cor.) 

\ CC - CN : CN :: CS 3 - CA % : CA; 
or JVt? : CN :: : AO*. 

Piiop. X. 

(if 7'iV be tin ordinate of ary point 1 on the hyperbola, 
then 

PN* : AN .AN :: BC * : AC\ ) 

For NG : NC :: BC 1 : AC. 

And rectangles of the same altitude are to one another as 
their bases, {Euclid, VI. 1.1 

TN. NG : TN.NC :: BC s : AC\ 
or PN : TN. NC :: BC 2 : AC. 

But TN. CN - (7A' S - CT .CN, {Euclid, II. 2.) 

= CN* - CA 3 , {Prop. VIII.) 

— AN. AN, {Euclid, II. 6.) 

.*. PN 3 : AN. AN :: BC : AC. 

Prop. XI. 

If the normal at any point P of an hyperbola* meet the 
transverse axis in G; then 

SG : SP :: CS : CA. 

G 
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Produce S'P to W ; then 

since PG bisects the angle SPW, {Prop. IX.) 

SG : S'G :: HP : S'P, 

.-. SG : S'G - SG :: SP : S'P - SP, 
but S'P - SP = AA', (Prop, III.) 
and S'G - SG = SS', 

.-. SG : SS' :: SP : A A', 
or SG : SP :: SS' : A A', 
or SG : SP :: CS : HA. 

(Job. TFence Hlso, 

S'G : S'P :: G'S : CA. 

r\ 1’jtOl*. XII. 

■' 53. If from the foci S and S' of an hyperbola S Y and S'Y' 
arc drawn at right angles to the tangent at P, then Y and Y' 
arc on the circumference of the circle described on A A' as 
diameter, and 

SY. S'Y' = PC 3 . 

Join SP, S'P, and produce S Y to meet S'P in IV; join 
C Y ; then 

since the angle SP Y = the angle 1YPY (Prop. VI.) 
and the, angle S YP= the angle 11’)'/', 
and the side PY is common to the triangles SPY, WPY. 
the triangle SPY = 117'Vin all respects, 

SP = P IV, and SY = TTI’, 

S'P - SP= S'JV, 
but S'P - SP= A A', (Prop. HI.) 

.-. S'W = AA‘. 

Again, •/ SC = CS', and SY= WY, 

.-. SC : CS' :: SY : YW, 

.-. C Y is parallel to S'IP, 

.-. CTY : SW :: CS : SS', 
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.'. CY= l S'W= CA; 
so C Y' =' CA. 

l r and I ' are points on the circumference of the circle 
described upon A A' as diameter. 

Next, let 8 Y be produced to meet this circle in Z, and 
join ZY'; then 

since the angle Z 1’ Y' is a right angle 
ZY' passes through the centre C, 
the angle SCZ = the angle S'CY', 

.*. 8Z~ B'Y\ 

BY. B'Y' = BY. fiZ, 

= BA . BA', {Euclid, III. 36 Cor.) 

= CB 2 - CA 2 , (Euclid, IT. 6.) 

= BC\ 

Cor. If CD be drawn parallel to the tangent at P meeting 
B'P in E ; then 

since CEP Y is a parallelogram, 

PE = CY= AC. 
a 2 
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Prop. XIII. 

54. To draw a pair of tangents to an hyperbola from an 
external point 0. 



Of the foci S and S', let S' be that which is nearer to 0. 

With centre S and radius equal to A A' describe a circle. 

Join OS, OS '; and let SO or SO produced meet the 
circle in the point I. 

Now if 0 be a point inside the circle MIM', it is evident 
that OS' is greater than 01; and if 0 be outside the circle, 

since OS- OS' < A A' or SI, (Prop. IV.) 

.-. OS- OS' < OS- 01, 

OS' > 01. 

With centre 0 and radius OS' describe another circle 
cutting the former in the points M and M', which it will 
always do since 0 S' is greater than 01. 
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Join SM, SAT, and produce them to meet the hyperbola 
in the points P and P. 

Join OP, OP '; these will be the tangents required. 

Join S'P, S'P'; then 

since S'P - SP= A A' = SM, 

S'P = PM. 

And v S'P, PO = MP, PO, each to each, 
and OS' = OM, 

.*. the angle OPS' = the angle OPM, 

OP is the tangent at P. (Prop. YI.) 

So OP is the tangent at F. 

The points of contact P and P' will be upon the same 
or opposite branches of the hyperbola according as SM and 
SM require to be produced in the same or in opposite 
directions with respect to S, in order to intersect the 
hyperbola. 


pRor. XIV. 

If from a point 0 a pair of tangents, OP, OP' be drawn 
to an hyperbola, then the angles which OP and OP subtend 
at either focus will be equal or supplementary according as 
the points of contact are in the same or opposite branches of 
the hyperbola. 

Let the points P and P' be on opposite branches of the 
hyperbola. 

Join SP, S'P; SP, S'P. 

Produce PS to M, making PM equal to PS'. Also from 
PS cut off a part PM' equal to P'S. 

Join OM, OM ; OS, 0 S'. 

Then since OP, PS' = OP, PM, each to each, 
and the angle OPS' = the angle OPM, (Prop. VI.) 

OS' = OM, 

and the angle OS'P=*= the angle OMP. 
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So OS' = OM', 

and the angle OS'P' — the angle OM'P, 

.\ OM = OM'. 

Again, v SM= S'P- SP= A A', 
and SM' = SP - S'P' = A A', 
SM= SM'. 

And OS, SM = OS, SM, each to each 
and 0M= OM', 

the angle 0SM = the angle OSM’, 
and the angle 0MS = the angle 0M'S. 

But 0 SM is the supplement of 0 SP, 
and OM'S the supplement of OM'P', 

0 SM' is the supplement of 0 SP, . 
and OMP the supplement of OM'F. 

But OMP= OS'P, 
and OM'P' = 0 S’P, 

.\ 0 S'P is the supplement of 0 S' P. 
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Hence the angles, which OP and OP' subtend either at S 
or S' are supplementary. 

In a similar manner if P and P' are on the same branch of 
the hyperbola, the angles subtended either at S or S' may be 
shown to be equal. 


Prop. XV.- 

f)5. If the tangent at. any point P of an hyperbola meet the 
conjugate axis in the point t, and Pra be drawn at right angles 
to CJi; then 

Cn . Ct = B C\ 



Draw PN at right angles to CA ; then 

Ct : CT : : PN : NT, 

Ct : PN :: C^T : NT, 

Ct. Cn : PN* :: CT. CN : CN. NT] 
or Ct. Cn : CT. CN :: PN 2 : CN. NT, 

:: B C 2 : A C 2 . {Prop. X.) 
But CT. CN = A C 2 , 

Ct. Cn — B C\ 
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56. The proofs that we have given up to this point of the 
properties of the hyperbola are closely analogous to the 
corresponding propositions in the ellipse. The remaining 
properties of the hyperbola are more conveniently investigated 
by means of its relation to certain lines, which we shall 
presently define, called Asymptotes, in the same manner as 
many of the properties of the ellipse were deduced from those 
of the auxiliary circle. 

Def. The hyperbola described {see fig. Prop. XVI.) with 
C as centre, ana BB' as transverse axis, ana A A‘ as con¬ 
jugate axis, is called the Conjugate Hyperbola. Its foci, 
which will beVn the line BCIf, will evidently be at the 
same distance from C as those of the original hyperbola, 
since 

CS* = C A* + CB*. 


Prop. XVI. 

If through any point II on either of the diagonals of the 
rectangle formed by drawing tangents to the hyperbola and 
its conjugate at the vertices, A, A', B, B', two ordinates 
RPN, R DM, be drawn at right angles to A A' and BB', and 
meeting either the hyperbola or its conjugate in the points P 
and D; then 

R N* <-> PIP = B (7, 

and RM*DM = AC*. * - ■ ‘ , 

i- * ■ 

Let I? be a point on the diagonal O'CO ; then 

.RIP : CN* :: AO* : AC*, 

:: BC* : AC*. 

and PN* : CN* - CA* :: BC* : AC 2 ; {Prop. X.) 
RN* - PN* : CA* :: BC* : AC*. 

RN* - PN* = BC \ 

Again, RM* : CM* :: AC* : BC*, 
and DM* : CM* - CB* :: AC* : BC*-, {Prop. X.) 
RM* - DM* : BC* :: AC* : BC* 

.-. RM* - DM* = AC*. 
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In exactly the same.manner, if NR had been produced to 
meet the conjugate hyperbola in P, and MR had been produced 
to meet the original hyperbola in D, we should have had, 

PiV s - RN * = BC\ 
and DM 2 - RM i = AC\ 

COR. If RP be produced to meet the hyperbola in p, 
and the other asymptote in r; then 

RN a - PN 2 = RP.Pr ; (Euclid, II. 5.) 

RP . Pr = DG\ 

Hence as RPN is further removed from A, and the line 
Pr consequently increases, since the rectangle contained by 
RP and Pr remains constant, RP must diminish, and by 
taking R sufficiently far from C, RP may be made less than 
any assignable magnitude. The line CR, therefore, con¬ 
tinually approaches nearer and nearer to the hyperbola, though 
it never actually reaches it 
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On account of this property, C It is called an Asymptote to 
the hyperbola. 

So also if P be the point where Nit produced meets the 
conjugate hyperbola, we shall have 

RP. Pr = BC 1 ; 


and therefore CR is also the asymptote to the conjugate 
hyperbola. 


In the same manner it may be shown that the other 
diameter 0 C 0 of the rectangle 00' is an asymptote to botli 
hyperbolas. \ 


Prop. XVJI. 


57. If.# be the point where the asymptote meets the direc¬ 
trix, then 



AC. 
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For by similar triangles, 

CE : CO : 

• 

But CO 2 = CA 2 ■ 

CO 

CE 


CX : 
CM : 
CB 2 
CS ; 
AC. 


CA, 

CS. (Prop. II.) 
= CS*; ^ 


Cor. If SE be joined, since 

CE* = CA 2 = CS. CX, 

the angle CES is a right angle. (Euclid^ VI. 8, Cor.) 


Prop. XVIII. 


If from any point ft in one of the asymptotes to an hyper¬ 
bola ordinates ltPN, RDM be drawn to the hyperbola and 
its conjugate respectively, and PD be joined, PD will be 
parallel to the other asymptote. 


For RN 2 : RM 2 :: DC 2 : A G«; 
and RN 2 - PN 2 : RM 2 - DM 2 :: BC 2 : AC 2 , (Prop. XVI.) 

PN 2 : DM 2 :: BC 2 : AC 2 ; 

:: RN* : RM 2 , 

PN : DM :: RN : RM; 

PD is parallel to MN. (Euclid, VI. 2.) 
Also CN : CM:: AC : BC, 

% MN is parallel to AB ; 
and OA : Ao :: OB : Bo', 


AB is parallelj;o oo'. 
Hence PD is parallel to oo'. 


Cor. So also if R ' and D he the points where NR and 
MR produced meet respectively the conjugate and the original 
hyperbola, PD will be still parallel to oo'. 
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Prop. XIX. 

58. If through any two points Q and Q' of an hyperbola a 
line R Q Q'R' he drawn in any direction meeting the asymp¬ 
totes in R and R' ; then will 

RQ = R' Q 



Through Q and Q' draw the ordinates UQW, U'QW'\ 
meeting the asymptotes in U, W, U', W r ; then by similar 
triangles, 

QR : QU :: Q'R : Q'U J 
and QR ': Q TV:: Q'R': Q'W' } 

compounding 

QR. QR' : QU. QW :: Q'R. Q'R' : QU'.Q'W'. 
But QU. QW = BC' = Q U’. Q! W', (Prop. XVI. Cor.) 

QR, QR' = Q'R. Q'K ; 
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but QR . QR{ = QR . Q Q’ + QR . Q'R', 
and Q'R . Q'R' = Q'R' .QQ'+QB. Q'R '; 

QR. QQ'= Q'R'. QQ', 

‘ QR = Q'R'. 

Cor. 1. 1 f RQQ'R' move parallel to itself until the points 
Q and Q’ coincide, the line RQR' will ultimately assume the 
position LPl, and will become a tangent to the hyperbola at P. 

Hence, since RQ is always equal to R' Q‘, 

LP = PI, 

or the tangent LPl is bisected at the point of contact P. 

Cor. 2. If CP be produced to meet RR' in V, then since 

R V : VR' :: LP : PI, 

RV= VR'; 
and RQ = Q'R', 

QV= Q'V 

Hence if a scries of parallel chords be drawn in an hyper¬ 
bola, their middle points will all be in the line drawn through 
the centre and the point where the tangent parallel to the 
chords meets the hyperbola. 

Def. A line POP' drawn through the centre, and meeting 
the hyperbola in P and P, is called a Diameter. 

A diameter consequently bisects all chords drawn parallel 
to the tangents at its extremities. 

Prop. XX. 

59. If through any point Q of an hyperbola a line RQr be 
drawn in any direction meeting the asymptotes in R and r, 
and LPl be the tangent drawn parallel to RQr; then 

RQ. Qr = PL*. 

Through P and Q draw the ordinates EPe, UQW, meeting 
the asymptote in E, e, U, W; then by similar triangles, 
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QR : QU :: PL : PE. 

Qr : QU r :: /V : TV, 

£7.‘ . Qr : QU. Q TP :: PI. . PI : PE. Pc 
but Q U. QW - 7/tT 2 = PE . Pc. {Prop. XVI. O.) 

<?// . <?/• = PL . PI, 

= PE“. {Prop. XIX. Cor. 1.) 

Cor. If Qq be produced to meet tlie conjugate hyperbola 
in Q', <j we may snow that 

Q'R . Q'r = PD. 

and also, as in Proposition XIX., that 

Q’R = q’r, 

QQ' = qq'- 

Hence if a line be drawn in any direction meeting both the 
hyperbolas, the portions intercepted between the hyperbola 
ana its conjugate will be equal. 
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Prop. XXI. 

60, If from any point P of an hyperbola, PH and PK be 
drawn parallel to llie asymptotes, meeting them in H and K 
respectively; then 4 . PH. PK = C /S' 2 . 



Draw the ordinate JIPNr meeting the asymptotes in I’ 
and r ; then by similar triangles, 

PH : PR :: Co : Oo. 
and PA' : Pr :: CO : Oo, 

.-. ril.PK : PR . Pr :: CO 3 : Oo\ 

:: 0-S' 2 : 4 BC\ 

But PR . Pr = PC*, f . 

4 . PII. PK =» CS\ 
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Prop. XXII. 

If the tangent at any point P of an hyperbola meet the 
asymptotes in L and l ; then the area of the triangle LCl is 
equal to the rectangle contained by A C and B G. 

Draw PH and PK parallel to the asymptotes meeting 
them in II and K ; then 

since CL : GH '.‘.LI : PI, 

and LI = 2 PI, [Prop. XIX. Gor. 1.) 

.-. CL = 2 C1I = 2 PK ; 

so Cl = 2 CK = 2 PH, 

.'. CL. Cl = 4 P1I. PK = CS\ (Prop. XXL) 

= CO. Co, 

.’. CL : CO :: Co : Cl, 

.'. the triangles LCl, 0Co have the angle at C common and 
the sides about those angles reciprocally proportional 5 

the triangle LCl= the triangle 0 Co, 

= AC. AO, 

= AC. BC. 

Pitor. XXIIL 

Gl. If from any point B in the asymptote of an hyperbola, 
two ordinates RPN and RDM be drawn to the hyperbola 
and its conjugate respectively, then the tangents at P and D 
will be parallel respectively to CD and CP. 

Join PD, meeting CR in H ; then 

since PD is parallel to 00 , (Prop. XVIII.) 

the tangents at P and D will each meet CR produced in the 
same point L. (Prop. XXII.) 

Produoe LP and LD to meet the other asymptotes in l 
and V\ then 

since CL. Cl = C S'~ CL. Cl’, (Prop. XXII.) 

^ » ' f • 
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Cl = Cl', 

1C : CV :: IP i PL, 

\ 

CP is parallel to the tangent at D. 

Also I’D : DL :: V C : Cl, 

CD is parallel to the tangent at P. 

The lines CP and CD are called Conjugate Diameters , 
since each of these lines is parallel to the tangent at the 
extremity of the other. 


Prop. XXIV. 

If CP and CD be semi-conjugate diameters in the hyper¬ 
bola ; then 

CP 2 CD 2 = CA 2 ^ CB 2 . 

Draw the ordinates NPR, MDR meeting the asymptote in 
the point R {Prop. XXIII.) ; then 

H 
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CR* - CP* — NR* - XP*, 

= PC*, (Prop. XVI.) 
CR* = CP* + PC*; 
so CR* = CP’ + .4 C*, 

CP + BC* = Cl)* + AC*; 
or CP* CP* = yl C* ^ BC*. 


Prop. XXV. 

62. The arop of any parallelogram formed by drawing tan- 
gents to the hyperbola and its conjugate at the extremities 
P, P', J), I)' of a pair of conjugate diameters is equal the 
rectangle contained by the axes. 



Let LlL'l' be the parallelogram formed by drawing 
tangents at the extremities P, P, D, D\ of any pair of 
conjugate diameters. The points L, L\ l, l', will {Prop. XXIII.) 
be on the asymptotes. 
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Now the parallelogram LL' = 4 parallelogram CL, 

= 4 triangle LCl, 

= 4AC. BC, {Prop. XXII.) 
= A A’ . BP'. 

Cor. If PF be drawn perpendicular to CD, then 

PF. CD = AC . BC. 

Also, if the normal PC meet the transverse axis in G, as in 
the ellipse 

PF.PG = BC*. 

63. Def. The line QV drawn from any point Q of the 
hyperbola parallel to the tangent at any point P, and meeting 
(//'produced in V, is called an Ordinate to the diameter CP. 

Prop. XXVI. 

If QV be an ordinate to the diameter PCP, and CD be 
conjugate to CP; then . 

QV* : PV.P'V :: CD* : CP*. 

Produce VQ to meet the asymptotes in It and r; and let 
the tangent at P meet the asymptotes in L and /; then 

RV* : PL* :: CV* : CP*, 

.-. RV* - PL* : PL* :: CV* - CP* : CP*. 

But RQ . Q.r = PL*, {Prop. XX.) 

RV* - QV* = PL*, 
or RV*- PL* = QV*. 

And CV* - CP* = PV. FV, (Euclid, II. 6) 

QV* : PL* :: PV. FV : CP. 

Alternately, QV* : PV .FV v. PL* : CP*. 

But since PD is a parallelogram, {Prop. XXIII.) 

PL = CD. 

Hence QV* : PV.'PV :: CDi. : CP*. 

Cor. If VQ be produced to meet the conjugate hyperbola 
in Q', then 

since Q' R . Qr = PL*, {Prop. XX. Cor.) 

Q'V* - RV* = PL*. 

Hence Q'V* : CV*+ CP* :: CD* : CP 

u 2 • 



100 


CONIC SECTIONS. 


Prop. XXVII. 

64. If Q V be an ordinate to the diameter P V, and the 
tangent at Q meet CP in the point T\ then 

CV. CT — CP 1 . 

Draw the tangent LPl meeting the asymptotes in the 
points L, l ; also let the tangent at Q meet the asymptotes in 



Draw RK, rk parallel to Q V meeting CP in K } k. 

Now since the triangles RCr, LCl are equal, {Prop. 
XXII.) and have the angle at C common, 

CR : CL :: Cl : Cr. {Euclid, YI. 15.) 
But CR : CL :: CK : CP, 
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and Cl: Cr :: CP: Ck, 

CK : CP:: CP: Ck, 

.-. CK. Ck= CP*. 

Again, produce RKanti QV to meet the asymptote Cl in 
R' and q; then 

Since Rr is bisected in Q, {Prop. XIX. Cor. 1) 

R'r is bisected in q, 
and RK = R'K, {Prop. XIX. Cor. 2) 

Kq is parallel to Rr, 

CT : CK :: Cr : Cq, 

:: Ck : CV, * 

CV. CT= CK. Ck 

= cr. 

Cor. 1. Conversely, if QV be an ordinate to PV, 

and CV. CT — CP\ 
then Q T is the tangent at Q. 

Cor. 2. Hence also, if RR’ meet the curve in TJ and U', 

and 1c U,kU'U drawn, 
since CK. Ck = CP 2 , 

k U and k XT' are tangents to the hyperbola at U and II'. 

Prop. XXVIII. 

♦ 

65. If two chords of a hyperbola intersect one another, the 
rectangles contained by their segments are proportional to the 
squall of the diameters parallel to them. 

Let*# 0# be any chord drawn through the point 0 , and 
let CD be drawn parallel to it, meeting the conjugate 
hyperbola in D . 

Produce Qq to meet the asymptotes in R and r ; and draw 
the diameter CPV, bisecting both Qq and Rr in V (Prop. 
XIX. Cor. 2.) 

Also draw the tangent LPl parallel to Qq, meeting the 
asymptotes in L and l. 
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Now since Q<[ is divided equally in V and unequally in 0, 
QO . Oq= QV 3 - OV 3 ; (Euclid, II. 5) 
so also RO. Or = RV* — OV*, (Euclid, II. 5) 

RO . Or - QO . Oq = RV 3 - QV 3 , 

= RQ . Qr (Euclid, ll. 5) 

= PL 3 , {Prop. XX.) 

.*. QO. Oq = RO . Or- PL 3 . 

Again, through 0 and P draw EOe, UPW, at right 
angles to the axis meeting the asymptotes in E, e, U, W ; 
then 

RO : OE :: PL : PU, 
and rO : Oe :: PI : PW, 

RO.rO : OE. Oe :: PL 3 : PU. P\V- 
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but Ptf. PW = BC 2 , [Prop. XVI.)*' 
and PL 2 = CD 2 , [Prop. XXIII.) 

EO.rO : OE. Oe :: CD 2 : BC 2 , 
or BO. rO : CD 2 :: OE. Oe : BC 2 , 

.«. RO.rO- PL 2 : CD 2 :: OE. Oe - BC 2 : BC 2 , 
or QO . Oq : CD 2 :: OE. Oe-BC 2 : BC 2 . 

In the same manner if through 0 another chord Q' Oq' 
be drawn, and CD' be drawn parallel to it, meeting the con¬ 
jugate hyperbola in D 1 , we shall have 

Q'O. Oq' : CD' 2 :: OE. Oe-BC 2 : BC 2 . 

Hence QO . Oq : Q'O . Oq' :: CD 2 : C4)'\ 

Cor. The same result may be shown to be true when the 
poiht 0 is outside the hyperbola. Moreover, it is not necessary 
that the chords should be drawn meeting one branch only of 
the hyperbola or the same branch. The proportion stil 
holds good when one or both of the chords meet both 
branches of the hyperbola, or when tie chords arc drawn in 
different branches. 

66. Def. If with a point 0 on the normal at P as centre, 
and OP as radius, a circle be described touching the hyperbola 
at P, and cutting it in Q; then when the point Q is made to 
approach indefinitely near to P, the circle is called the Circle 
of Curvature at the point P. 


Proi\ XXIX. 

If PH be the chord of the circle of curvature at the point 
P of a hyperbola, which passes through the centre; then 

PH. CP =2 CD 2 . 

Let PT be the tangent, and PG the normal at the point P. 

With centre 0, and radius OP, describe a circle cutting the 
hyperbola in the point Q. 

Draw RQW parallel to CP, meeting the circle in W, and 
TP produced in R. 

Also, draw QV parallel to PR, meeting the diameter PP' 
in V; then since R P touches the circle at P, 
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/. RQ . RW= PR*, [Euclid, HI. 36) 
or PV.RW = QV*. 

But QV* : PV. FV :: CD* : CP*, [Prop. XXVI.) 
PV. RW : PV.P'V :: CD* : CF, 
or RW : FV :: CP* : CF, 

Now, when the circle becomes the circle of curvature at P, 
the points R and Q move up to, and coincide with P, and the 
lines R W and PH become equal, while 

P V becomes equal to PF, or 2 CP. 

Ilencc, PH : 2 CP :: CD* : CF, 

Pi/. CP : 2CF :: 2CP 5 : 2CF, 

/. P//. CP = 2 CP 5 . 


Prop. XXX. 

If PC be the diameter of the circle of curvature at the 
point P of the hyperbola, and PF be drawn at right angles 

to CD\ then _ 

PU. PF —2CD. 
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Since the triangle PIIU is similar to the triangle PFC , 

/. P U : PH :: CP : PF, 

. PIT. PF= PII. CP, 

= 2 CD*. (Prop. XX IX.) 


Prop. XXXI. 



c *- 


If P/bc the chord of the circle of curvature through the 
focus of the hyperbola; then 

PI . A C = 2 CD 2 . f 

Let S'P meet CD in F; then since the triangles PIT! 
and PE F are similar, 

PI: PU :: PF: PE. 

But PE = A C, (Prop. XII. Cor.) 

PI : PU :: PF : A C, 

PI. AC = PU. PF, 

= 2 CD\ (Prop. XXX.) 

The point where the circle of curvature intersects the 
hyperbola may be determined as in the case of the ellipse. 


'^Prop. XXXII. 


67. If P be any point on the hyperbola, and CD be conju¬ 
gate to CP; then 

SP. SP = CD 2 . 

Draw PII' parallel to the asymptote CE meeting the 
directrices in 1 and and CD' in 17. 

Let the ordinates NP, MD meet the asymptote in i?, and 
draw PW perpendicular to the directrix; then by similar 
triangles, 

PI : PW :: CE : CX, 

:: CA : CX. (Prop. XVII.) 
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But SP: PW :: BA : AX, 

:: CA : CX. 

SP= PI; 
so S'P = PI 
PP . P'P = P/ . PI', 

= UP 3 - UP, 

= CP 2 - OP 1 , 

= CM 3 - 0^ 2 . (Prop. XVH.) 
But OP* - OP* = RIP - DM \ 

= 0.4*, (Prop. XVI.) 

OP* - CA 3 = CD 3 . 

Hence PP . S'P = OP*. 



PROBLEMS ON TI1E HYPERBOLA. 


1. Thi? locus of tlic centre of a circle touting two given 
circles is a hyperbola or ellipse. 

2. If on the portion of any tangent intercepted between the 
tangents at the vertices a circle be described, it will pass 
through the foci. 

3. In a hyperbola the tangents at the vertices will meet the 
asymptotes in the circumference of the circle described on 
S S' as diameter. 

4. If from a point P in a hyperbola PIP be drawn parallel 
to the transverse axis meeting the asymptotes in I and I '; 

then PI . PI' = A C\ 

% 

' 5. If a circle be inscribed in the triangle SPS , the locus 
of its centre is the tangent at the vertex. 

6 . If PN be the ordinate of the point P, and NQ a tangent 
to the circle described on the transverse axis as diameter, and 
PM be drawn parallel to Q C meeting the axis in M, then 
MN=BC. 

7. If PN be the ordinate of a point P, and NQ be drawn 
parallel to AP to meet CP in Q , then A Q is parallel to the 
tangent at P. 

^8. If a hyperbola and an ellipse have the same foci, they 
cut one another at right angles. 

9. If the tangent at P intersect the tangents at the vertices 
in P, r, and the tangent at P intersect them in R' } r\ then 

Alt . Af- = AH'. Jr'. 
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10. If any two tangents be drawn to a hyperbola, the lines 
joining the points where they intersect the asymptotes will be 
parallel. 


11; The perpendicular drawn from the focus to the asymp¬ 
totes of a hyperbola is equal to the semi-conjugate axis. 

12. If the asymptotes meet the tangent at the vertex in 0, 
and the directrix in E; then AE is parallel to SO. 

■ 13. In a rectangular hyperbola conjugate diameters are 
equal to one another. 


' 14. In a rectangular hyperbola the normal PG is equal 
to CP. .. 


15. The lines drawn from any point in a rectangular 
hyperbola to the extremities of a diameter make equal angles 
with the asymptotes. 


16. Prove that the asymptotes to a hyperbola bisect the 
lines joining the extremities of conjugate diameters. 


17. A lino drawn through one of the vertices of a hyperbola 
and terminated by two lines drawn through the other vertex 
parallel to the asymptotes will be bisected at the other point 
where it cuts the hyperbola. 

18. P is any point on a hyperbola, and P' a point on the 
conjugate hyperbola. If CP and CP’ be conjugate, prove 
that 

S'P'- SP= AC-BC , 


S and S' being the interior foci. 

19. If CP and Cl) be conjugate, and through C a line be 
drawn parallel to either focal distance of 1\ the perpendicular 
from D upon this line is equal to BC. 

20. Given a pair of conjugate diameters, find the principal 
axes. 

• 

21. If Q be a point on the conjugate axis of a rectangular 
hyperbola, and Q P be drawn parallel to the transverse axis 
meeting the curve in P; then 

’ PQ - A Q. 

22. In a rectangular hyperbola the focal chords drawn 
parallel to conjugate diameters are equal. 
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23. If in an equilateral hyperbola OF be drawn at right 
angles to the tangent at P, and A Y be joined, the triangles 
PGA, CAY are similar. 

24. The radius of the circle which touches a hyperbola 
and. its asymptotes, is equal to that part of the latus rectum 
produced which is intercepted between the curve and the 
asymptotes. 

25. If QQ be any chord of a hyperbola, and CP the 
diameter corresponding to it, and Q1I, PK, Q'l! be drawn 
parallel to one asymptote meeting the other in II, K and IP, 
then CII . CW = CK\ 

26. If the chord ItPP'M' intersect the hyperbola in the 
points P, P', and the asymptotes in It, It' -, and PK be drawn 
parallel to CIt', and P' K' to Git; then RK = P'K', and 
R'IC = PK. 

27. If A A' be any diameter of a circle, and PNQ an 
ordinate to it, then the locus of the intersections of AP. A'Q 
is a rectangular hyperbola. 

28. If two concentric rectangular hyperbolas be described, 
the axes of one being the asymptotes of the other, they will 
intersect at right angles. 

29. If any chord AP through the vertex be divided in Q, 
so that A Q : QP :: AG‘ : BC *, and QN be drawn to the 
foot of the ordinate PN, prove that a straight line drawn at 
right angles to QN from Q cuts the transverse axis in the 
same ratio. 

30. Prove that the curve which trisects the arcs of all 



31. If S Vs, TVt be two tangents cutting one asymptote 
in S, T, and the other in s, t, prove that 

VS : Vs : Vt : VT. 

32. If from the exterior focus of a hyperbola a circle be 
described with radius equal to BC, and tangents be drawn to 
it from any point in the hyperbola, the line joining the points 
of contact will touch the circle described on the transverse 
axis as diameter. 
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33. Circles are drawn touching the straight line AB in 
a fixed point C\ and from the fixed points A, B tangents 
are drawn to these circles. The locus of their intersection is 
an ellipse or hyperbola. Distinguish between the two cases. 

34. PP' is a double ordinate in an ellipse. A P, A'P are 
produced to meet in Q. Prove that the locus of Q is a 
hyperbola with the same axes as the ellipse. 

A. {./(-u f (l //.. A v/ A '. 

35. Jf the tangent at P intersect the asymptotes in L and 
l, and rO be the normal at P, then the angle LOl is a right 
angle. 

36. If an ellipse, a parabola, and a hyperbola, have a 
common tangent, and the same curvature at the vertex, the 
ellipse will be entirely within the parabola, and the parabola 
entirely within the hyperbola. 

37. The chord ItPP'Jt' of a hyperbola intersects the 
asymptotes in R and IV. From the point .ft a tangent 11Q 
is drawn meeting the hyperbola in Q. If PIT, QK, P'H' be 
drawn parallel to one asymptote meeting the other in the 
points II, K, W ; then PP+ P'H' = 2 QK. 

38. If through P t P‘ on a hyperbola lines be drawn parallel 
to the asymptotes forming a parallelogram, of which PP is 
one diagonal; the other diagonal will pass through the centre. 

39. If P be the middle point of a line PP which moves so 
as to cut off a constant area from the comer of a rectangle, its 
locus is an equilateral hyperbola. 

40. PM, PN arc drawn parallel to the asymptotes ON, 
CM, and an ellipse is constructed having CN, CM for semi¬ 
conjugate diameters. If CP cut the ellipse in Q, the tangents 
at Q and P to the ellipse and hyperbola are parallel. 

41. If a circle be described through any point P of a given 
hyperbola and the extremities A, A' of the transverse axis, 
ana NP be produced to meet the circle in Q; prove that Q 
traces out a hyperbola whose conjugate axis is a third pro¬ 
portional to the conjugate and transverse axes of the original 
hyperbola. 
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42. If lines be drawn from any point of a rectangular 
hyperbola to the extremities of a diameter, the difference 
between the angles which they make with the diameter will 
be equal to the angle which this diameter makes with its 
conjugate. 

43. If between a rectangular hyperbola and its asymptotes 
any number of concentric elliptic quadrants be inscribed, the 
rectangle contained by their axes will be constant. 

! c 44. In the rectangular hyperbola if CP be produced to Q 
so that PQ — CP, and QO be drawn at right angles to GQ 
to intersect the normal in 0, 0 is the centre of curvature 
at P. * 

45. With two conjugate diameters of an ellipse as asymp¬ 
totes a pair of conjugate hyperbolas arc constructed; prove 
that if one hyperbola touch the ellipse the other will do so 
likewise ; prove also that the diameters drawn through the 
points of contact are conj*i£atc to each other. 

40. If a pair of conjugate diameters of an ellipse when 
produced be asymptotes to a hyperbola, the points of the 
hyperbola at which a tangent to the hyperbola will also be a 
tangent to the ellipse, lie in an ellipse similar to the given 
one. 

• 

47. In the rectangular hyperbola the radius of curvature at 
P is to the radius of curvature at P' in the triplicate ratio of 
CP to CP'. 

>( 48. OP, 0 Q are tangents to an ellipse at P and Q , and 
asymptotes to a hyperbola. Show that a pair of their common ' 
chords is parallel to PQ. One of these -chords being RS, 
prove that if PR touches the hyperbola at P, QS touches it 
at S; also if PS, QR meet in 17, OU bisects PQ. 

49. The base of the triangle ABC remains fixed, while 
the vertex C moves in an equilateral hyperbola passing 
through A and B. If P, Q be the points in which A C, 
BC meet the circle described on A B as diameter, the inter¬ 
section of A Q, BP is on the other branch of the hyperbola. 



CHAPTER IV. 


THE SECTIONS OF THE CONE. 


(58. 1)ef. If two indefinite straight lines T 01', 1)01)', inter¬ 
sect one another at a point 0, and one of them 101' remain 
fixed while the other DO!)' revolves round it in such a 
manner that its inclination to 101' is the same in all positions, 
the surface generated by 1)01)' will be a Right Cone. 

The line I OF is called the Axis, and the point 0 the 
Vertex of the Cone. 

It now remains for us to show (see Introduction) that the 
curve formed by the intersection of this surface witli a plane 
is in general one of the three curves whose properties we have 
been investigating, and to consider under what circumstances 
it will be the Parabola, Ellipse, or Hyperbola. 

If the cutting plane pass through the vertex of the cone as 
KOK', and intersect the cone again at all, it will in general 
cut it in two straight lines as OK, OK', which will represent 
two positions of the generating line. 

The inclination of these lines to each other will depend 
upon the inclination of the cutting plane to the axis of the 
cone, and will be greatest when this plane passes through the 
axis, in which case it will be double the constant angle between 
the axis and the generating line. 

If the cutting plane pass through a generating line dod' 
and be perpendicular to the plane containing this line and the 
axis, it will simply touch the cone along this line. 
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Should the cutting plane not pass through the vertex, and 
be at right angles to the axis of the cone, the section will 
evidently be a circle. 

In any other case the section will, as we proceed to show, 
be a Parabola, Ellipse, or Hyperbola. 

Whatever be the position of the cutting plane with respect 
to the cone, we can always suppose a plane drawn through 
the axis of'the cone at right angles to it; and it will be 
convenient to have this latter plane represented by the plane 
of the paper as DOd. The cutting plane will therefore always 
be taken at right angles to the plane D Od of the paper. 
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Prop. L 

r G9. The curve formed by the intersection of the surface of 
a right cone with a plane (which neither passes through its 
vertex nor is at right angles to its axis) will be a Parabola , 
Ellipse , or Hyperbola , according as the inclination of the 
cutting plane to the axis of the cone is equal to , greater , or 
less than the constant angle which the generating line forms 
witli the axis. 

Let the plane of the paper represent the plane drawn 
through the axis JOT ot the cone at right angles to the 
cutting plane; and let it intersect the surface of the cone in 
the two generating lines 01), Od . 

Let the cutting plane intersect the surface of the cone in 
the curve PA, and the plane of the paper in the line ANH. 

A 

The curve will evidently be symmetrical with respect to 
this line. 

On A H take any point N, and through N draw a plane 
perpendicular to the axis meeting the surface of the cone in 
the circle HPr, and the cutting plane in the line PN, which 
will be at right angles to the plane of the paper and to AN. 

Let a sphere be inscribed in the cone touching the cone in 
the circle EQe and the cutting plane in the point S, and let 
the plane EQe intersect the cutting plane in the line XM, 
which will be at right angles to the plane of the paper, and 
therefore parallel to PN. 

Draw PM perpendicular to XM, and join PS, PO, and let 
PO meet the circle EQe in the point Q.* 

Then since PS and PQ are both tangents to the sphere, 

PS = PQ. 

But PQ = RE, 

PS = RE. 

• N.B. In the figure, to avoid confusion, that part of the section which lies 
above the plane of the pap?r is aloae represented. 
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But RE . XN :: AE : AX, {Euclid, VI. 2.) >’ 

and AE = AS, 

RE : ZA - :: ZS : AX,'\ 

SF i PM :: AS : AX, 

the curve PA is either a Parabola, Ellipse, or Hyperbola, 
whose focus is S and directrix XM. 

Again, let All meet the axis 01 in F. 

Then the angle AFO will he the inclination of the cutting 
plane to the axis. 

(1.) Let the angle AFO = the angle FOd ; 

then AH is parallel to Od, 

.'. the angle AXE = the angle OeE = the angle A EX, 

AE= AX, 

AS = AX, 

. \ the curve AP .will be a Parabola, 

I 2 * 
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(2.) Let the angle AF0 be > FOd; then 

the complement FXE is < the complement OEe, 
the angle AXE is < the angle A EX, 

AE is < AX, 

• ‘ or A Sis < AX, 

the curve AP is an Ellipse. 

Since the angles HFO, FOd are together less than HFO, 
OF A, i.e. than two right angles, the lines AH and Oe may 
he produced to meet in A'. 

If another sphere he described touching the cone in the 
circle E'Q'e' and the cutting plane in the poibt S'; and the 
line X'M' denote the intersection of the plane E'Q'e' with 
the cutting plane, and PM' be drawn at right angles to this 
line, it can easily be shown that 

S'P : PM' :: S'A' : AX'. 

Hence S' and X'M' represent respectively the other focus and 
directrix of the ellipse. 

Also if B C be the semi-axis minor, and through the centre 
C a line TJCU' be drawn parallel to Ee meeting OB, Od 
in U and U', then it is evident that 

BC'= CU. CU'. 

(3.) Let the angle AFO be < FOd; then 

the angle AJ{E is > the angle A EX, 

AE is > AX, 

AS\$ > AX, 

the curve PA is an Hyperbola. 

Since the angles AFO, FOd' are less than the two FOd, 
FOd', i.e. than two right angles, the lines FA and d 0 may 
be produced to meet in A'. 

In this case the cutting plane will intersect the other half of 
the cone, and if any point P' be taken on this part of the 
curve, and P'M be drawn at right angles to XM, it can be 
shown as before that 

SF : P'M :: SA : AX. 
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The intersection of the cutting plane therefore with this 
portion of the cone will be the other branch of the hyperbola. 

Also if another sphere be described touching the upper 
portion of the cpnc in E'Q'e', and the cutting plane in S', 
and the line X'M' denote the intersection of the plane 
E'Q'e' with the cutting plane, and P'M' be drawn at right 
angles to this line, it can be easily shown that 

S'P' : P'M' :: S'A' : AX'. 

Hence S' and X'M' will represent respectively the other 
focus and directrix of the hyperbola. 

Cor. 1. In this last case, i.e. when the section is an hyper¬ 
bola, if a plane OKL be drawn through the *vertcx of the 
cone parallel to the cutting plane, meeting the plane of the 
paper in the straight line Oh, and the surface of the cone in 
the generating line OK ; then 

Oh : OK :: OL : OP,, 

:: AN : All, 

:: AX : A E, {Euclid, VI. 2) 

:: AX : AS, 

:: CA : OS, ( Chap. III. Prop. II.) 

where C is the middle point of A A', and therefore the centre 
of the hyperbola. 

.*. KOL is half the angle between the asymptotes. {Chap. 
III. Prop. XVI.) 

Again, if PC be the conjugate semi-axis, and C U' U be 
drawn parallel to Rr meeting OP', Od' in U and U', then 

Bince CU : AC :: EL : OL, 
and CU' : A'C :: rL : OL, 

.-. CU. CU : AC 2 :: RL . -L : 0L\ 

:: KU : OL *; 
but BC 1 : AC 2 :: KU : OL 1 , 

.-. DC' = CU. CU'. 

Cor. 2. If the cutting plane is parallel to the axis, OL and 
01 coincide. 
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In tliis case half the angle between the asymptotes of the 
hyperbolic section is equal to the constant angle DOI, and 
we can at once see that OC is the semi-conjugate axis. 

This affords a convenient method of obtaining a pair of 
conjugate hyperbolas. 

Draw 0% at right angles to 01 in the plane of the paper, 
and let another cone be formed by supposing OD to revolve 
round Oi in such a manner that the angle DOi is the same 
in all positions, and equal to the complement of DOI. 

Then if through any point A on the common generating 
line OD we draw two planes at right angles to the plane of 
the paper, and parallel respectively to OI and Oi, they will 
cut the cones in two hyperbolas, whose semi-transverse axes 
mil be respectively AC, OC, and whose semi-conjugate axes 
will be respectively OC, AC, and which therefore will be 
conjugate to each other. 



PROBLEMS ON THE SECTIONS OF THE CONE. 


1. The foci of all parabolic sections which can be cut from 
a given right cone, lie upon the surface of another cone. 

2. The foci of all elliptical sections of a given right cone, 
in which the ratio of CA to CS is the same, will lie on two 
other cones. 

3. The extremities of the minor axes of the elliptical sec¬ 
tions of a right cone made by parallel planes, lie on two 
generating lines. 

4. The latus rectum of a parabola cut from a given cone 
varies as the distance between the vertices of the cone and 
the parabola. 

5. Under what conditions is it possible to cut an equilateral 
hyperbola from a given right cone ? 

6. Two cones whose vertical angles are supplementary arc 
joined as in Art. G9, Cor. 2. Prove that the latera recta of 
the curves of section of the cones, whose axes are respectively 
01 and Oi, made by planes parallel or perpendicular to the 
plane of the axes, are in the duplicate ratio of Oi : OI. 



ADDITIONAL PROBLEMS. 


1. Show that the part of the directrix of a parabola, inter¬ 
cepted between'the j>crpcndiculars on it from the extremities 
of any focal chord, subtends a right angle at the focus. 

2. The locus of the foci of all parabolas touching the three 
sides of a triangle is a circle. Prove this, and give a geo¬ 
metrical construction for finding the centre. 

3. A system of parabolas which always touch two given 
straight lines have their axes parallel; show that the locus of 
the foci is a straight line. 

4. Prove that the locus -at the foot of the perpendicular 
from the focus of a parabola on the normal is a parabola. 

5. If She the focus of a parabola which touches the sides 
AB y AC of the triangle ABC at the points B , 6', and 0 the 
centre of the circle described about the triangle; prove that 
the angle 0 SA is a right angle. 

6. From the focus of a parabola a straight line is drawn 
parallel to the tangent at any point P, meeting the diameter 
through P in V ; show that the tangent drawn from P to any 
circle passing through V' is equal to one-half of the ordinate 
Q Vy V being the second point in which the circle cuts the 
diameter through P. 

7. PSp is a focal chord, and upon PS and p S as diameters, 
circles are described ; prove that the length of cither of their 
common tangents is a mean proportional between A S and Pp. 
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8. If A Q be a chord of a parabola through the vertex A , 
and QR be drawn perpendicular to A Q to meet the axis in 
It; prove that AR will be equal to flic chord through the 
focus parallel to A Q. 

9. The locus of the vertices of all parabolas, which have a 
common focus and a common tangent, is a circle. 

10. Two parabolas have a common* axis and vertex, and 
their concavities turned in opposite directions; the latus 
rectum of one is eight times that of the other; prove that the * 
portion of a tangent to the former, intercepted between the 
common tangent and axis, is bisected by the latter. 

11. B is a point on a radius OA of a circle, whose centre 
is 0. On OA produced a point C is taken, such that 
OB . OC = OA*. If P he any point on the circumference 
of this circle, R the middle point of Pl\ and Q the point of 
intersection of AR> CP; prove that the locus of Q is a 
circle. 

12. If from the middle point of a focal chord of a parabola 
two straight lines be drawn, one perpendicular to the chord 
meeting the axis in O, and the other perpendicular to the 
axis meeting it in N; show that NO is constant. 

13. A circle is drawn touching the axis of a parabola, the 
focal distance of a point P f and the diameter through P. 
Show that the locus of its centre is a parabola with vertex 8 , 
and latus rectum equal to A 8. 

14. If from the point of intersection of the directrix and 
axis of a parabola a chord XPQ be drawn, cutting the 
parabola in P, Q ; show that the rectangle contained by the 
ordinates bl I J Q is equal to the square of one-half the latus 
rectum. 

15. Find the locus of the centre of a circle which touches 
a given circle and a given straight line. 

16. Given one point of contact of a parabola with three 
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tangents given in position, find the two other points of 
contact. 

17. The triangle ABC circumscribes a parabola whose 
focus is 8. Through A, B, C, lines are drawn perpendicular 

* respectively to SA, SB, SC. Show that these lines pass 
through one point. 

18. From the focus a line is drawn parallel to the tangent 
at P, meeting the parabola at Q. QN is an ordinate, and the 
tangents at P and Q meet the axis in T and T'. Prove that 
SN* = 4 A T. A T', and that if the diameter at P meet SQ 
in E, the locus-of E is a parabola, whose latus rectum is half 
that of the given parabola. 

19. P is any point in a parabola ; through S aline is drawn 
at right angles to the axis, meeting the chord AP or A P 
produced in It. Prove that SK. Sit = 2 S F', where SY is 
the perpendicular on the tangent, and SK on the normad. 

20. From the focus S of a parabola SK is drawn, making a 
given angle with the tangent at P. Show that the locus 
of K is that tangent to the parabola which makes with the 
axis an angle equal to the given angle. 

21. PSQ is a focal chord of a parabola, AP' & parallel 
chord meeting the latus rectum in Q'; prove that AP'. AQ' 

= BP. SQ. 

22. The circle of curvature at any point of a parabola 
’ whose abscissa is A N cuts the axis in U and U'. Prove that 

AU. A Z7 = 3AN*. 

23. AB is a diameter of a circle. From any point Q in 
the circumference a tangent QP is drawn, and from P a per¬ 
pendicular PN is let fall upon AB. Show that if P be 
always taken so that QP is equal to A N, the locus of P will 
be a parabola. 

t 

24. If a tangent be drawn from any point of a parabola to 
the circle of curvature at the vertex, the length of the tangent 
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will be equal to the abscissa of the point measured along the 
axis. 

25. To two parabolas which have a common focus and axis 
two tangents are drawn at right angles; the locus of their 
intersection is a straight line parallel to the directrices. 

26. If any three tangents be drawn to a parabola, the circle 
described about the triangle so formed will pass through the 
focus, and the perpendiculars from the angles on the opposite 
sides intersect in tnc directrix. 

27. A parabola touches one side of a trianglj’in its middle 
point, ana the other two sides produced. Prove that the per¬ 
pendicular drawn from the angles of the triangle upon any 
tangent to the parabola arc in harmonical progression. 

28. Two equal parabolas have the same axis and vertex, 
but are turned in opposite • directions ; chords of one parabola 
are tangents to the other. Show that the locus of the middle 
point of the chords is a parabola whose latus rectum is one- 
third of that of the given parabola. 

29. Two equal parabolas have the same focus, and their 
axes are at right angles to each other, and a normal to one of 
them is perpendicular to a normal of the other; prove that 
the locus of the intersection of such lines is a parabola. 

30. Show that in every ellipse there are two equal conju¬ 
gate diameters, coinciding in direction with the diagonals of 
the rectangle, which touches the ellipse at the extrpmities of 
the axes. 

31. If a circle be described through the two foci of an 
ellipse, cutting the ellipse, show that the angle between the 
tangents to this circle, and to the ellipse at either point of in¬ 
tersection, is equal to the inclination of the normal to the 
ellipse to the axis minor. 

32. The points in which the tangents at the extremities of 
the transverse axis of an ellipse are cut by the tangent at any 
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point of the curve, are joined one with each focus; prove that 
the point of intersection of the joining lines lies in the normal 
at the point 

9 

33. The external angle between any two tangents to an 
ellipse is equal to the semi-sum of the angles which the chord 
joining the points of contact subtends at the foci. 

34. The tangent to an ellipse at any point P is cut by any 
two conjugate diameters in T, t, and the points T, t are joined 
with the loci S, S' respectively; prove that the triangles 
SPT, S'Ft jre similar to each other. 

i 

35. P is any point on a fixed circle, the centre of which 
is 0; E is a fixed point without the circle; an ellipse is 
described with centre 0 and area constant so as always to 
touch EP at P. Find the locus of the extremities of the 
diameter conjugate to OP. 

36. The normal at any point P of an ellipse cuts the axes 
in Cf, g ; prove that if any circle be dcscribea passing through. 
G, g, the tangent to it from Pis equal to CD. 

37. Given a focus, a tangent, and the eccentricity * of a 
conic section; prove that the locus of the centre is a circle. 

38. A straight line is drawn through a given point C 
within a circle to cut it in P, P\ If p is taken in it such that 
Cp % = CP. CP, find the locus of p. 

39. In the ellipse PY. PY' : PA S :: CS* : BC* and 
BY. CD = SP. BC. 

• 40. Show that if the distance between the foci of the 

ellipse be greater than the length of its axis minor, there will 
be four positions of the tangent, for which the area of the 
triangle, included between it and the straight lines drawn from 
the centre of the curve to the feet of the perpendiculars from 
the foci on the tangent, will be the greatest possible. 


* The ratio of SA : A X, or of CS : CA , ifl called the eccentricity. 
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41. Two conjugate diameters of an ellipse are cut by the 
tangent at any point P in M, N; prove that the area of the 
triangle GPM varies inversely as that of the triangle CPN. 

• • 

42. Circles are described on SY, S'Y' as diameters, 
cutting SP, S'P respectively in Q, Q'. Prove that SQ . S'P 
= SP. S’Q' = BG. 

43. PSP, pSp are any two focal chords of a conic section, 
Pandp being on the same side of the axis; prove that Pp, 
Pp' meet on the directrix. 

44. Prove that an ellipse can be inscribecLim any parallelo¬ 
gram so as to touch the middle points of the four sides ; and 
show that this ellipse is the greatest of all inscribed ellipses. 

45. If from any point on the exterior of two concentric, 
similar, and similarly placed ellipses, two tangents be drawn 
to the interior ellipse which also intersect the exterior ; show 
that the distance between the points of intersection will be 
double of that between the points of contact. 

4G. The tangent at any point P in an ellipse, of whioh S 
and 11. are the foci, meets the axis major in T, and TQlt 
bisects IIP in Q, and meets SP in R ; prove that PR is one- 
fourth of the chord of curvature at P through S. 

47. Prove that the distance between the two points on the 
circumference of an ellipse at which a given chord, not passing 
through the centre, subtends the greatest and least angles, is 
equal to the diameter which bisects that chord. 

48. From any point on the auxiliary circle chords are 
drawn through the foci of an ellipse, and straight lines join 
the extremities of the chords with the extremity of the 
diameter passing through the point; prove that these lines 
will touch the ellipse. 

49. A quadrilateral circumscribes an ellipse. Prove that 
either pair of opposite sides subtends supplementary angles 
at either focus. 
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50. Two tangents to an ellipse intersect at right angles; 
show that the straight line joining their point of intersection 
with the point of intersection of the normals at the points of 
contact passes through the centre. 

51. P, Q are points in two confocal ellipses, at which the 
line joining the common foci subtends equal angles; prove 
that the tangents at P, Q are inclined at an angle which is 
equal to the angle subtended by P Q at cither focus. 

52. Tangents to an ellipse are drawn from any point in a 
circle through .the foci; prove that the lines bisecting the 
angle between the tangents, all pass through a fixed point. 

53. If the ordinate at P meet the auxiliary circle in Q, 
and C Q meet the ellipse in R, then CR is equal to the per¬ 
pendicular on the tangent at P from C. 

54. If P be a point such that SP, S'P are perpendicular; 
prove that CD 1 = 2 . BC‘. 

55. If circles be escribed to the triangle SPS' opposite to 
the angles 8 and S' ; prove that the rectangle contained by 
their radii is equal to B C *. 

56. The circle of curvature at any point P of an ellipse 
meets the focal distances in R, B'; S U is a tangent to the 
circle. 

Prove that SIP : SI* :: 2 . SP - 3 . A C : A C, 

and if RR' passes through the centre of the circle of cur¬ 
vature, CP = CS. Determine the limits of possibility in 
both cases. 

57. A straight line is drawn from the centre of an ellipse 
meeting the ellipse in P, the circle on the major axis in Q, 
and the tangent at the vertex in T. Prove that as C T ap¬ 
proaches and ultimately coincides with the semi-major axis, 
P T and Q T are ultimately in the duplicate ratio of the axes. 
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58. A straight line is dVawn through the focus S of an ellipse 
meeting the two tangents at right angles to it in Y and Z, the 
diameter parallel to tlifcse tangents in Z, and the directrix in 
M ; prove that 

’ * SL : SY :: SZ : SM. 

59. If any equilateral triangle PQR be described in the 
auxiliary circle of an ellipse, and the ordinates to P, Q, 11 meet 
the ellipse in P, Q', R'; the circles of curvature at P', Q', R', 
meet in one point lying on the ellipse. 

60. From a point P two tangents TP, TQ are drawn to an 
ellipse. Show that a circle with T as centre c»n be described 
so as to touch SP, S'P, S Q, S' Q. 


61. If the normal at P meet the axis minor in g, and if the 
tangent at P meet the tangent at the vertex A in V; show 
that 

Sg : ‘SC :: PV : VA. 

62. If a circle passing through Y and Y' touch the major axis 
in Q , and that diameter of the circle which passes through Q 
meet the tangent in P; show that PQ = BC. '-(See fig. 
IVop. XV.) 


63. If PG the normal at Pent the major axis in G, and if 
DR, PN be the ordinates of D and P, prove that the tri- . 
angles PGN, DR C are similar; and thence deduce that PG 
bears a constant ratio to CD. 

64. The tangent at a point Pof an ellipse meets the tangents 
at the vertices in V, V'. On VV as diameter, a circle is 
described which intersects the ellipse in Q, Q'; show that the 
ordinate of Q is to the ordinate of P as B C to B C + CD; 
where CP is conjugate to CP. 

65. PCP' is any diameter of an ellipse; tfie tangents at any 
two points E and E' intersect in F; PE', P'E intersect in 
G. Show that PC is parallel to the diameter conjugate to 
PCP'. 

R 
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66. If Pbe any point on an ellipse, land with Pas centre and 
the semi-axis minor as radius a circle be described; prove 
that if PG be the normal, a circle described on G G as 
diameter will cut the first circle at right angles. 


67. ABC is an isosceles triangle having AB = AG. 
BD, BE drawn on opposite sides of B C, and equally inclined 
to it, meet AC in D and E. 


68. If an ellipse be described about BDC having its minor 
axis parallel to BC; then AB will be a tangent to the 
ellipse. 


69. If A Q be drawn from one of the vertices of an ellipse 
perpendicular to the tangent at any point P; prove that the 
locus of the point of intersection of PS and QA produced 
will be a circle. 

70. If Y, Y' be the feet of the perpendiculars from the foci 
of an ellipse on the tangent at P; prove that the circle cir¬ 
cumscribed about the triangle YNY' will pas3 through C. 

71. Prove that the angle between the tangents to the 
auxiliary circle at Y, Y', is the supplement of the angle 
SPS'. 


72. P is any point on an ellipse ; PM, PN perpendicular to 
the axes meet respectively, when produced, the circles described 
on the axes as diameter in the points Q, Q'. Show that QQ' 
passes through the centre. 


73. Assuming that the greatest triangle which can he in¬ 
scribed in a circle is equilateral, prove by the method of 
projection, that tiie greatest triangle which can be inscribed 
in an ellipse lias one of its sides bisected by a diameter of the 
ellipse, and the others cut in points of bisection by the 
conjugate diameter. 



CONIC SECTIONS. 


131 




74. PQ is a chord of an ellipse, normal at P, LGL' the 
diameter bisecting it. Show that PQ bisects the angle LPE, 
and that LP+ L'Pis constant. 

• • 

75. A tangent to an ellipse at a point P intersects a fixed 
tangent in T ; if through the focus a line be drawn perpen¬ 
dicular to S T meeting the tangent to P in Q ; show that 
the locus of Q is a straight line touching the ellipse. 


76. In an ellipse if a line be drawn through the focus 
making a constant angle with the tangent; prove that the 
locus of the point of intersection with the tangept is a circle. 

4 

77. Any chord PP' of an ellipse is produced to a point Q, 
such that P'Q is equal to half the diameter parallel to PP', 
and QR'R is drawn through the centre to meet the ellipse in 
R, R' ; show that the area PGR is three times the area 
PGR'. 


78. In an ellipse, L is the extremity of the latus rectum, 
and CD conjugate to CL. If a circle be described with centre 
C and passing through B, and a line be drawn through D 
parallel to the major axis, the portion of this line which lies 
within the circle will be equal to the latus rectum. 

79. If P be any point in an ellipse, and K the point in 
which a normal at P intersects a line at right angles to it 
through S', E the point of intersection of SP, and the diameter 
conjugate to CP, and if EK and CK be joined, each of the 
figures SCKE, S'CPA will be a parallelogram. 

80. If T be a point on the axis A A' produced, and PN the 
ordinate of the point where the tangent from T touches the 
ellipse ; prove that 

AN . A’N : AT . A'T :: GN : CT. . 

81. Given in an ellipse a focus and two tangents; prove 
that the locus of the other focus is a straight line. 

k.2 
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82. A focus, a tangent, and the axis major being given, 
prove that the locus of the other focus is a circle. 

83. A focus, a tangent, and the axis minor being given, 
prove tliat the locus of the other focus is a straight line. 

84. An ellipse touches a fixed ellipse and has a common 
focus with it; if the major axis be fixed, the locus of the 
other focus is a circle; if the minor axis is fixed, the locus is 
an ellipse. 

85. An ellipse and a parabola have a common focus. Prove 
that the ellipse either intersects the parabola in two points, 
and has two colnmon tangents with it, or else does not cut it. 

8G. If in the ellipse a focus, a point, and the axis minor be 
given, the locus of the other focus is a parabola. 

87. If at the extremities P, Q of any two diameters CP, 
CQ of an ellipse, two tangents Pji, Qq be drawn cutting each 
other in T, and the diameter produced in p and q, then the 
areas of the triangles T Qp, TPq are equal. 

88. If a straight line CN be drawn from the centre to 
bisect that chord of the circle of curvature at any point P of 
an ellipse, which is common to the ellipse and circle, and if it 
be produced to cut the ellipse in Q, and the tangent in T ; 
prove that CP = CQ, and that each is a mean proportional 
between CN and CT. 

89. A parabola of given latus rectum is described touching 
symmetrically two conjugate diameters of an ellipse ; find the 
locus of the focus. 

90. An ellipse is described so as to touch the three sides of 
a triangle ; prove that if one of its foci move along the cir¬ 
cumference of a circle passing through two of the angular 
points of the triangle, the other will move along the circum¬ 
ference of another circle, passing through the same two angular 
points. Prove afoo that if one of these circles pass through 
the centre of the circle inscribed in the triangle, the two circles 
will coincide. 
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91. A triangle is described about an ellipse, so that the 

extremities of one of its sides lie in an ellipse, confocal with 

the given one; prove that the line bisecting the opposite angle 

passes through .the pole of that side with respect to the outer 

ellipse. 

♦ 

92. Prove the following construction for a pair of tangents 
from any external point T to an ellipse of which the centre is 
C. Join C T ; let TPCP'T, a similar and similarly situated 
ellipse, be drawn, of which C T is a diameter, and, P, P' its 
points of intersection with the given ellipse; TP, TP' will 
be tangents to the given ellipse. 

93. The locus of the foci of all ellipses inscribed in the 
same parallelogram is a rectangular hyperbola. Prove this, 
and give a geometrical construction for finding the asymp¬ 
totes. 

94. AC Is a fixed diameter of a circle, A BCD a quadri¬ 
lateral figure inscribed in the circle ; prove that if the angles 
BA C, DA C be complementary, the locus of the intersection 
of BA, CD will be an hyperbola. 

95. Prove that a circle can be described so as to touch the 
four straight lines drawn from the foci of an hyperbola to any 
two points on the same branch of the curve. 

96. Any three diameters of an ellipse LL', MM', NN', 
being taken, a circumscribing parallelogram 11TUV touches 
the ellipse at L, IJ, M, M'. Show that a conic section can be 
described through the points R, T, U, V, N, N 1 , which will 
be an hyperbola whose asymptotes are the lines forming in 
the ellipse the diameters conjugate to NN' and to the other 
common chord of the ellipse and hyperbola. 

97. On opposite angles of arty chord of a rectangular 
hyperbola are described equal segments of circles; show that 
the four points in which the circles to which these segments 
belong again meet the hyperbola, are the angular points of 
a parallelogram. 
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98. A triangle is inscribed in a rectangular hyperbola; 
prove that the circle described through the middle points of 
the sides of the triangle passes through the centre of the 

99. ACB is an isosceles triangle; AB the base, arid D 
any point in CB or CB produced: if BZ be drawn parallel 
to AD, meeting CA or CA produced in Z, prove that the 
middle point of ])Z will be iu an hyperbola whose asymp¬ 
totes are CA, CB. 

100. An ellipse and hyperbola arc described so that the 
foci of each are*ut the extremities of the transverse axis of the 
other; prove that the tangents at their points of intersection 
meet the conjugate axis in points equidistant from the centre. 

101. In a rectangular hyperbola, rK, PL arc drawn at 
right angles to A'P, AP respectively, to meet the transverse 
axis in K and L ; prove that P K is equal to A P and KL to 
A A', and the normal at P bisects KL. 

102. In a rectangular hyperbola P 0 is a fixed diameter, 
Q any point on the curve; show thaf the angles QPO, Q OP 
differ by a constant angle. 

103. If the tangent at any point P of an hyperbola cut an 
asymptote in T, and if SB cut the same asymptote in Q, 
then SQ = QT. 

104. If a given point be the focus of any hyperbola, passing 
through a given point and touching a given straight line, 

rove that the locus of the other focus is an arc of a fixed 
yperbola. 

105. If a series of conics be described having equal latera 
recta, the focus of a given parabola as their common focus, 
and the tangents to the parabola as their directrices; the 
common tangents to any two of the series will intersect in 
the directrix of the parabola. 
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106. At any P of an hyperbola a tangent is drawn, 
and PQ is taken on it in a constant ratio to CD ; prove that 
the locus of Q is an hyperbola. 

• • 

107. If an hyperbola be described touching the four sides 
of a quadrilateral inscribed in a circle, and one focus lie on a 
circle, the other focus will also lie on this circle. 

108. In an hyperbola, supposing the two asymptotes and 
one point of the curve to be given in position, show how to 
construct the curve; and find the position of the foci. 

109. If A, D be two fixed points, and tlTc angle PAD 
always exceed PDA by a given angle; find the locus of P, 
and the position of the transverse axis and asymptote. 

110. From the middle point D of the base AB of the 
triangle ABC a straight line EDE' is drawn, making a 
given angle with A B, and the points E, E' are taken so that 
ED = E 1 D = i AB. If CA, CB take all possible positions 
consistent with the condition that the difference of the angles 
CAB, CBA is equal to EDA ; prove that the point C will 
trace out a rectangular hyperbola of which AB, EE' arc 
conjugate diameters. 

111. In the rectangular hyperbola, prove that the triangle, 
formed by the tangent at any point and its intercepts on the 
axes, is similar to the triangle formed by the straight line 
joining that point with the centre, and the abscissa and semi¬ 
ordinate of the point. 

112. Tangents are drawn to an hyperbola, and the portion 
of each tangent intercepted by the asymptotes is divided in a 
constant ratio ; prove that the locus of the point of section is 
an hype*bola. 

113. Show that the point of trisection of a series of con¬ 
terminous circular arcs lie on branches of two hyperbolas 
and determine the distance between their centres. 
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114. From a point R on one asymptote EE is drawn 
touching the hyperbola in E , and E T, EV are drawn 
through E, parallel to the asymptotes, cutting a diameter in 
jPand V; R V is joined, cutting the hyperbola in P, p : show 
that TP.\ Tp touch the hyperbola. 

115. Given in the ellipse a focus and two points, the locus 
of the other focus is an hyperbola. 

lit!. If a rectangular hyperbola passes through three given 
points, the locus of its centre is a circle, which passes through 
the middle points of the lines joining the three given points. 

t 

117. If the tangent at P meet one asymptote in T, and a 
line TQ be drawn parallel to the other asymptote to meet the 
curve in Q ; prove that if PQ be joined and produced both 
ways to meet the asymptotes in It and Pi, RE' will be 
trisected at the points P and Q. 

I 

118. If two concentric rectangular hyperbolas have a 
common tangent, the lines joining their points of intersection 
to their respective points of contact with the common tangent 
will subtend equal angles at their common centres. 

119. If TP, TQ be two tangents drawn from any point T 
to touch a conic in P and Q, and if S and S' be the foci, then 

ST* : ST :: SP. SQ : S'P. S' Q. 


120. The circle of curvature at the vertex of a conic meets 
the axis again in D, and a tangent is drawn to the circle at 
D : if two tangents be drawn to the circle from any point in 
the conic they will intercept between them a constant length 
of the former tangent 

121. A family of hyperbolas is described about, a given 
triangle; prove that if one of the asymptotes always passes 
through a fixed point the other will always touch a fixed 
conic section to which the three sides.of the triangle are 
tangents. 
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122. If the lines which bisect the angles between pairs of 
tangents to an ellipse be parallel to a fixed straight line, 
prove that the locus of the points of intersection of the 
tangents will be a rectangular hyperbola. 

123. An hyperbola, of given eccentricity, always passes 
through two given points; if one of its asymptotes always 
pass through a third given point in the same straight line 
with these, prove that the locus of the centre of the hyperbola 
will be a circle. 

124. A, P and B, Q are points taken respectively in two 
parallel straight lihes, A and B being fixed, and P, Q variable. 
Prove that if the rectangle APBQ be constant, the line PQ 
will always touch a fixed ellipse or a fixed hyperbola, ac¬ 
cording as P and Q are on the same or opposite sides of 
AB. 

125. If two plane sections of a right cone be taken, having 
the same directrix, the foci corresponding to that directrix lie 
on a straight line which passes through the vertex. 

126. Give a geometrical construction by which a cone may 
be cut so that the section may be an ellipse of given eccen¬ 
tricity. 

127. Given a right cone and a point within it, there are 
but two sections which have this point for focus; and the 

{ (lanes of these sections make equal angles with the straight 
ine joining the given point and the vertex of the cone. 

128. If the curve formed by the intersection of any plane 
with a cone be projected upon a plane perpendicular to the 
axis, prove that the curve of projection will be a conic section, 
having its focus at the point in which the axis meets the 
plane of projection. 

129. If F be the point where the major axis of an elliptic 

h 
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section meets the axis of the cone, and C be the centre of the 
section ; prove that 

OF : CS :: AA' : AO + A'0, 

0 being the vertex of the cone. 


130. Two intersecting right cones have the same axis, and 
the vertical angle of the interior is equal to that of an equi¬ 
lateral triangle; show that the vertex of the interior cone is a 
focus of all sections of the exterior made by planes touching 
the interior. 


TIIE END. 


It OLAY, HON, AND TAYLOR, PJUNTERB, BREAD STREET HILL. 
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Arithmetic & Algebra 

In their Pmieiplos and Applications. 

With numcro'ts Kunnphs , xy sternal - 

ically art attyed. • 

Eighth Edit. pp. (18(11). Cr. 8vo. 
strongly hound iii cloth. 10 a*. (w/. 

The first edition of tln*> work tens published 
m l.s.M. It w.is ]n mi. nily intended lor 
the iim* nt students ai the I’nneiHtics, 

and toi S( bools which piepntc for the 
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by a set ot Kvaiuplos; those which are 
e ntitled Miscellaneous Examples, together 
with a few in some ol the other sets, may 
he advantageously reserved by the student 
for exeieise after lie has made some pio- 
gress in the subject As the Text and Kx- 
iiiuples have been tested by considerable 
cxjierioiieo in teaching, the ho|M» is enter¬ 
tained thut they will be suitable lor impart¬ 
ing a sound ami comprehensive knowledge 
of Plano Trigonometry, togothei witli 
readiness in the application ot this know¬ 
ledge to the solution o! problems. In the 
Scx'oncl Edition the hints for the solution 
of the Examples have been conaiderably 
increased. 
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For the Use of Colleges and Schools. 

112 pp. Crown 8vo. (1859). 

Strongly bound in cloth. 4*. Cul. 
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vcrsity and College Papers, have all been 
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their tiist introduction to processes ol con¬ 
tinuous aruument. No method appears to 
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demonstrations into their constituent pui ts, 
and this plan lias been aclo|>ted in the 
piesent edition. Finch distinct assertion in 
the uigument begins a new line, and at 
the caul til the lines are placed the- ncccKsui y 
reterenci-s to the pieoedmg principle's oil 
which the assertions depend. The longer 
propositions are distributed into subonli- 
uate parts, which are distinguished lit 
bleaks at the beginning ol the lines. The 
Notes aie intended to indicate aucl explain 
| the principal difficulties, and to supply the 
most important inferences which can be 
i drawn from the proposition**. The work 
finishes with a collection of Six hundred 
and In enty-fmr Exercise*, w Inch Inn e been 
selected pnncipally from Cambridge Ex¬ 
amination paj>en4 and have been tested by 
long experience. As far us jHissible they 
aie ailonged ill order of difficulty. The 
Figures will be found to be large s'md dis¬ 
tinct, and have been repeated w hen neces¬ 
sary, so that they alwaysoecut in immedi¬ 
ate connexion with the corresponding text. 
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And its Applications. 
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Second Edition. 342 j>p. (1802). 
Crown Svo. cloth. 10 *. i\J. 

In writing the prevent Tiratisc mi the j 
Intrf/rnt t'ulrulu\ the object bus lioeii to 
produce u work ut once elemental y ami 
coin plot*'—adapted loi the use of beginners, ’ 
ami sufficient lor the want* of advanced j 
students. In the M'leetion ol the piopo- 
Hitions, und in the mode of establishing 
them, the author has endeavoured to ex¬ 
hibit I’ullv and clearly the principles of . 
the subject, und to illiistrutcall their most , 
important results. In order that the ntii- , 
dent inn\ find m the volume .ill that he I 
requires, a huge collection of Kxninples ; 
for exorcise has been appended to the • 
ditferent chapters. 

6. Analytical Statics. 

W’itk numerous Example*. 
Socond Edition. 330 pp. (1858). 
Crown 8vo. cloth. 10.%. (W. 

In this work will he found all the pro¬ 
positions which usually appeal in treatises 
on Theoretical Statics. To the diffeielit 
chapters Kxninples are upended, which 
have been selected puncipully from the 
University and College Kxamination 1*4- 
pers ; these will furnish ample exeicisc in 
the application of the principles ol the 
subject. 

7. EXAMPLES OF 

Analytical Geometry 
of Three Dimensions. 

7(5 pp. (1858). Cm. 8vo. cloth. 4*. 


8. The 

Differential Calculus. 

With numerous Examples. 

Third Edition, 398 pp. (1860). 
Crown Svo. cloth, 10*. 0 d. 

This work is intended to exhibit a com- 

I iivhcnsive view of tin* Differential Calcu¬ 
li*. on tiu* method of Limits. In the more 
elementary portions, explanations have 
lieon piven in considerable detuil, with 
the 1 ii>i»c that a reader who is without the 
assistance of a tutor nifty he enabled to ac¬ 
quire a competent :i#quuintnucc with the 
subject. More than one investigation of 
a theorem has been frcuuontlv given, 
because it is hche\cd that the student de- 
nvi*h advantage from \icwmft the same 
proposition under different aspects, ami 
tbut in ord«T to succeed in the examina¬ 
tions which lie nun have to undergo, lie 
should 1 m* prepared for a considerable va¬ 
riety in the ordei of arranging the HCverul 
In .inches of the sulijcel, and foi u corres¬ 
ponding variety in the inode of dcmon*tru- 
tion. 


o. Plane Co-Ordinate 
Geometry 

y\S AITLIKI) TO THE STRAIGHT LINE 
AM) THE U0.NI0 SECTIONS. 

With numerous Examples. 

Third and Cheaper Edition. 

Crn. Svo. el. 326 pp. (1862). 1s.6d. 

This ’h'fiattsc exhibits the subject in a 
simple niuuuer for the benefit, of beginners, 

! ami at the same time includes in one 
; volume all that students usually require, 
i The Kxamples at the end of each chapter 
will, it is hoped, furnish sufficient ex ei else, 
I as they have been carefully srloctcd with 
I the view of illustrating the most lnipoi- 
I taut points, and have been tested by rc- 
! poated exjicrioncc with pupils. In eon- 
j sequence of the demand lor the work 
proving much greutcr than had been 
■ onipnally anticipated, a large number of 
copies of the Thin I Edition has been 


A collection of examples in illustration 
of Analytical Geometry of Three Himen- 
sions has Ion* been re<|uire<l both by 
students and teachers, and the present 

work is published with the view ol sup- ! printed, and a considerable reduction 
plying the want. 


effected in the price. 



t) 


CAMBRIDGE CLASS ROOKS. 


lh/ IS A A C TO 1)1 I UNTKli, If. A. 

10. EL KM ENT AH Y TREATISE ON THE 

Theory of Equations. 

M'ith a Collection of Examples. 

Crown 8vo. cloth. 270 pp. (1801). 

7.v. Cul. 

Thin treatise contains all t)ic proposi¬ 
tions which arc iinualh included in clc- 
nicntiiiy find isos on the Theory of Equa¬ 
tions, together with a collection of K\- 
iiniplcx lor exercise. This work mnv in 
fuel Ik* reminded a sequel to that on j 
Algebra by the sanq. write!, and urcoul- 
iugly the student Inis occasionally liecn 
rclcired to tin* treatise on Algebra for i>rc- 
limmavy inlormation on some topics licit* 
discussed The vvoik includes thii-c 
chapters on Determinants. 

11. History of tlie Progress 

of the 

Calculus of Variations 

haring the Nineteenth Cent nrg. 
8vo. cloth. 582 pp. (1881). 12 *. 

It is of importance that those who wish ! 
to cultivate any subject m.iv l>o able to 
ascertain what results have aheady lieen . 
obtained, and thus reserve their sticngth ' 
for difficulties which have not \et bc*en 
eonqueicd. 1’he Authoi has cndcutmitcd | 
in this work to ascertain distimtlv what 


By J. II. Pit ATT, If A. 

Arehdenron of Calcutta, late Follow ol 
Gouvdlc and Cuius College, Cambridge. 

A Treatise on 
Attractions, 

La Place's Enaction*, and the Eigurt 
of tin Earth. 

Second Edition. Crown 8vo. 120 pp. 
(18G1). cloth. 0 a\ 0d. 

In tlie presold Ticatisc the author ha* 
cmltoi mu red to supply the want <»t a work 
on a subject of great iiiijmii tatlec and high 
iiilcicM—l-i 1*1.ice’s »'orllicici.t- and Func¬ 
tions and the calculation of the Figure of 
the Kuitli bv means ol ln> lcnmikiihlc ana¬ 
lysis. No student ot the highn hranehes 
of Physical Astionomv should he ignoiant 
ot 1 ai Place's analws ami its icstil*—“a 
calculus,” savs Ani, "the most singular 
in its nature and the most poweiful in it« 
application that has ever appeaivd.” 

Jig C. li. A IKY, II. A. 

' Astionomei lloyal. 

1. Mathematical Tracts 

On the Lunar and Vianet nrg Theories, 
Eigurt of tin Earth , the Uadulatorg 
Theory of Optics, «Vr. 

Fourth Edition. 400 pp. (1858). 
8 vo. 15*. 

2. Theory of Errors of 
Observations 


has been effected in the 1 ’iogiess of the 
Calculus, and to form some estimate of ^Utd the Combination of Observations. 
the nmnnei m which it uas been effected, i_ _ 

103 pp. (18G1). Crown Svo. 6s. Od. 

* " In older to spare astionoilid's and ob¬ 

serve! s in liatuial jiluloMiphi the confusion 
and loss of time which are pioduccd l>y 
referring to the oidmarv treatises cm- 
bracing both hranehes ot Probabilities, the 
authoi has thought it desirable to draw 
up tins work, ielating only to Errors ol 
Observation, and to the rules derivable 
from the consideration ot these Enors, for 
the Combination ot the Results ol Obser¬ 
vations. The Authoi has thus also the 
advantage of entering somewhat more 
fully into several points ot intciest to the 
ohseiver. than can possible he done in a 

General Theory of Piubabilities. 


A TREATISE ON 

Mechanics and Hydro¬ 
statics. 

U'it/i Solutions of Questions 

J'UOl'OSKO IN Tilt < AMHltllH.K SKNATt IIOUSK 

Kg 7r. II. (• I It If L b'STONE, If.A. 
Christ's College. 

8VO. cloth. 100 pp. 1862. 



FOB SCHOOLS AND COLLEGES. 


By GEORGE 11 OGLE, B.C.L., F.R.S. 

Professor of Mathematics in the Queen’* 
University, Ireland. 

Differential Equations 

4G8 pp. (183'J). Cm. Svo. doth. 14v. 

The Author has endeavoured ill this 
treatise to convey as complete an account 
of tin* present state of knowledge on the 
Mibjeut ol I>ilferentlal Equation* as was 
consistent with the idea ol a wmk in¬ 
tended. primal ilv, lor rlcincntnry instmc- 
tion. The obp*cl has been hist of all to 
meet the wants of those who had no pre- 
* ions acquaintance with the subject, niul 
aNo not unite lo disappoint ollieis who 
might sees lor more advanced infonua- 
tion. Tne oailfcr sections ol each chapter 
contain that kind ol matter winch has 
usually been tlioucht suitable foi the 
beginner, while tin* latter ones aic devoted 
citliei to an account ol n*einit discovery, 
or to the discussion ol such ih*o|»ci qiu**- 
ttoils o* piuiciple as are likely to present 
themselves to the letloctivc student in con¬ 
nect am with the methods and processes 
ol his previous coui so. 

• 

2. The Calculus of 
Finite Differences. 

-IK pp. (18G0). Clown 8vo. cloth. 

10 s. (uf. 

In this work particular attention has 
boon paid to theoonne\ion ol the methods 
with those of the Jinferential Calculus—u 
comit-Mdii wliu h in some instances in¬ 
volves l,u more than a merely formal 
nnalotrv The work i* m some measure 
(li'hiifiii'd as a sequel to tin- Authoi’s 7 'rrn- 
ttse on lo/Ie/ rnf/tif Equations, and it has 
been composed on the same plan. 


Elementary Statics. 

By the Rev. GEORGE RA WI.1NEON 
Professor of Applied Sciences, Klphm- 
stone Coll., Bombay. 

Eh ted hy the Rev. E STt'UGES. AT. A. 
Rector of Kcncott, Oxfordshire. 

(1,30 pp.) 18G0. Cm. Svo. ci. 4*. 6d. 

Thin work is published under the au¬ 
thority of 11. M. Secretary of State for 
India for use m the Government Schools 
and Colleger in India. 


By r. G. TAir, It.A , and 
ll r . J. STEELE, It.A 
I.atc Fellows of St Peter’s Coll. Camb. 

Dynamics of a Particle. 

It 1th numerous Examples. 

304 ]>p. (I860). Cr. 8vo. cl. 10s. ini. 

In this Treatise will be found all the 
ordinary propositions counectrii with the 
11\namies of Particles which can be con¬ 
veniently deduced without the use ot 
D’Aleinbeit’s Principles. Throughout the 
book will be found ii nuinbri ol illus¬ 
trative Examples introduced m the text, 
and loi tin* most pait complotels woikcd 
out; otheis, with occasional solutions oi 
hints to a-sist the stmU-nt aie appended to 
each Chapter. * 

— ♦ 

By the /ter . G E. GUI 1.1)E, M A 

Mathematical Professor in the south 
All :can College. 

Singular Properties of 
the Ellipsoid 

stud Associated Surfaces of the Nib 

Degree. 

132 pp. (1801). 8vo. hoards. Kl.v. i\d. 

As the title of tins volume indicates, 
its obiecl is to dev elope pcciiltai iluis m 
the Elhps<nd; .mil lurthei, to establish 
analogous properties in unlimited con¬ 
gruent- series ol which this remarkable 
burlucc is a constituent. 

-♦ 

By J. B. VII KAll, M.A. 

Fellow and late Matheinatie.il l.rrtuiei ol 
Clare College. 

Elementary Hydrostatics 

With numerous Examples and 
Solutions. 

Second Edition. 1«3G pp- (1837) 
Crown 8vo. cloth. 5s. G d. 

“An excellent Introductory Book The 
definitions are vci y clear; the dosci iptions 
and exi»l-inatinns are sufficiently full mid 
intelligible ; the invest ig.itious are simple 
and scientific. The rtamjtlis greatly en¬ 
hance its value.”—E noi.isji Journal oi 
E ni c vtion. 

This Edition contains 117 Example*, aiul 
solutions to all these examples are given 
at the end of the book. 
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CAMBRIDGE CLASS BOOKS. 


By Rev. S. PARKINSON, B.J). 

Fellow and Pruicctor of St. John's Coll. 
Cambridge. 

1. Elementary Treatise 
on Mechanics. 

With a Collection of Examples. 

Second Edition. 345 pp. (18G1). 
Crown Hvo. dotli. 9*. 6 d. 

The Author has endeavoured to render 
the present volume suitable sin si Manual 
ror the junior ehi#»es m Universities unci 
the higher cliisse* yi Schools. With this 
object then* have been inc luded in it those 
|KH ticnis of theoretical Meehsmirs which 
can he eoiiYCiueiitly investigated without 
the Differential Calculus, and with one 
or two short exceptions the student is not 
iresunied to require a knowledge of any 
muiches ot Mathonuities beyond the cle- 
inents of Algcdnu, Geometry, and Trigo¬ 
nometry. A coUcetion of 1'iohlcms and 
Examples 1 ms been added, chiefly taken 
from the Scnutc-Ilousc and College K\- 
anunation Pupen—which will Ik- found 
useful us an exercise lor the student. 
In the Second Edition sevcnil additional 
propositions ha\c been incorporated in 
the work for the purpose of reticle!mg 
it more complete, and the Collection oi 
K\am pies and Problems has been largely 

increased. 


2. A Treatise on Optics 

304 pp. (1850). Crown 8vo. 10 .s. Wd. 

A collection of Examples and Pioblems 
has been appended to this work which 
are sufficiently numerous und vaned 
m charactci to attend useful exercise 
ior the student: for the greater part ol 
them recouisc lias been h.ul to the F.v- 
amuiation Papers set in the University ;uul 
the several Colleges duniig the last twenty 
\ ears. 

Subjoined to the copious Table of Con¬ 
tents the author has ventuied to indicate 
an elementary course ol reading not un¬ 
suitable for the requirements of the First 
Throe Days m the Cambridge Senate 
House Examinations. 


By R I). BEASLEY, M.A. 

Head Muster of Grantham School. 

M r 

AN ELEMENTARY TREATISE ON 

Plane Trigonometry. 

With a titnnrrott# Collection of 
Examples. 

106 pp. (1858), strongly hound in 
cloth. 3.v. Ctd. 

This Treatise is specially intended for 
hm* in Schools. The choice of matter luis 
been chiefly guided by the requirements 
of the three days* Examination at Cam¬ 
bridge, with the* exception of pioportional 
parts m logarithms, which have been 
omitted. About Pour hundred Exiunplos 
have lK*en added, mainly eolleeted from 
the Examination Papers of the hist ten 
years, and great, pains liaxe been taken 
to exclude from tli.» body of the work any 
which might dishearten a beguiner by 
their ditticulty. 

By J. BROOK SMITH, M.A. 

St. John’s College, Cambridge. 

Arithmetic in Theory 
and Practice. 

For Advanced Pupils. 
rART I. Crown Hvo. cloth. 3a*. Gd. 

This work forms the first part of a Trea¬ 
tise on Aiithmetie. m which the Author 
has endeaxmired, horn very simple prin¬ 
ciples, to explain in a full and satisfactory 
niannei all the important processes in that 
subject. 

The proofs huve in all cases been given 
in a form entirely arithmetical: for the 
author does not think that recourse ought 
to be had to Algebra until the ui ithmeticul 
proof has become lioi>elessJy long and i>er- 
plcxing. 

At the end of every chapter several ex¬ 
amples have been worked out at length, 
in which the best practical methods of 
operation have been carefully pointed out. 
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Tty (?. Jl. rUCKT.E, 31.A. 
Principal of Windermere College. 

Conic Sections and 
Algebraic Geometry. 

With numerous Easy Examples Pro¬ 
gressively arranged. 

Second Kdition. 201 j»j>. (185G). 
Crown 8vo. Is. C d. 

Thin liook has been written with special 
rcleience to tliose ditheulties nml misap¬ 
prehensions which commonly beset the 
student when he commences. With tin* 
ob)ect in new, the earlier part, of the 
subject has been dwelt on at length, and 
gooinetncul and numerical illustrations of 
the analysis have been introduced. The 
Examples appended to cuih section aic 
mosth ol an elemental v dcsciiption. The 
work will, it is hoped, be found to con¬ 
tain all that is requited by the upper 
classes of schools and by the generality 
ol students at the Cimeisitics. 

Tty reward j<»nv r ourii, m.a 

Fellow and Assistant 'I utoi of St. Peter’s 
College, Cum budge. 

Dynamics of a System 
of Rigid Bodies. 


The 

Cambridge Year Book 

AND UNIVERSITY ALMANACK 

For 1863. 

Crown 8vo. 228 pp. price 2s. G<7. 

The specific feat ure* of this annual pub¬ 
lication will l»o obvious at a glance, and 
it* \iduo to touchers engaged in preparing 
student* toi. und to pm cut* who arc send¬ 
ing their sons to. the University, and to 
the public generally, will be clour 

1. The whole mode of proceeding in 
entering a student. at tho l niversity and 
at mil pai ticnlur Uollejl* i* skated. 

2. The coifrse of th#studies a* regulated 
l*y the VimoiHitv examination-, tho man¬ 
ner «it these examination*, and the specific 
*ub|uct* and times tor tlio ye.ir lHWl. arc 
given 

A i-omplelc Account of all Scholar- 
sliij»* and Exhibition* at tho several Col¬ 
leges, then value, and the means by which 
they am gained. 

4 \ bind summary of all Ciaccs of the 

Senate, Degree* conferred dm mg I,he year 
IMd, and University news generally are 
given. 

f» The Regulation* for the T.ocu. Kx- 
a min vi ion of those who arc not mem be I s 
of the I’nivoisitv, to bo held this ye.it, 
with t he n.line* ol Lbo books on winch the 
Examination will be based, and the ilutc 
on width the Examination will be held. 


With numerous Examples. 

33G pp. (18G0). Crown 8vo. cloth. 

1 Os. (id. 

(Jontknts : Chap. 1. Of Moments of 
Ineitia.— 11 . D’Alemhci t’s Pruiciplc. — 
111. Motion nbout a Fixed Axis.— IV. 
Motion in Two Dimensions.— V. Motion 
of a ltigid llodv in Three Dimensions.— 
VI. Motion of "a Flexible String—VII 
Motion of a Sv stem of Rigid Bodies.— 
VIII. Ol Impulsive Forces. —IX. Miscel¬ 
laneous Examples. 

The numerous Examples which wall be 
found at the end of each chapter have 
been chiefly selected from the Kxanunu- 
tioil Papers set m tlie Univeisiiy and 
Colleges of Cambridge during the last few 
years. 


Tty TV. 31. FERRERS, M A. 

Fclbiw ami Mathematical Lceturer of 
Convilte und Cuius College, Cambridge. 

AN ELEMENTARY TREATISE ON 

Trilinear Co-Ordinates 

The Method of lieeiprocul Tolars , 

and the Theory of Projections. 

154 pp. (18G1). Cr. 8vo. cl. G.v. o d. 

The object of the Author in writing 
on this subject, has inainh been to place 
it on a basis altogether independent of the 
ordinary Cartesian system, instead of re- 
gardmg it as only a special form of abridged 
Notation A short chapter on Determi¬ 
nants has been introduced. 




10 


CAMBRIDGE CLASS ROOKS 


By J. C. MX Oil’llAlt, Jt.A. 

Lut e lVUow of St. John's Coll, Cambridirc. 

Plane and Spherical 
Trigonometry. 

With the Cotis/rurf ton tint? Use of 
Tables of J.otjai'ithmx. 

Nmtli Edition. 2*10 pp. (18/37). | 
Crow n 8vo. 7*. Cul. 

In prepanmr o iicw edition, the proofs, 
of Mime ot I lie more impoitant piopositious i 
huxe been rendered more strict and ire- ; 
lieiul, mid ,i considerable addition ot moie 
than T» o humhetf Ermn/tl »*» t.ikc*n pun- . 
eip.dly from the qmflioiiMiitW F.xamiiia- 
tions ol Colleges .mil the Fiuvcrsiiy, Inis 
been made to the enllee.tioii ol Kxumplcs 
and Problems lor practice 

lift Jr. 11. 1>UE\V, lit.A. 

Second Master of Bhickhculh School. 

Geometrical Treatise 
on Conic Sections. 

IVith a copious Collection of lOawp/rs. 

Second Edition. Crown 8vo. cloth. 

4*. (></. 

In tills work the subject ol Come Sec¬ 
tions has l»eeii placed Ik* fore the student 
m such a folio that, it is Imped, altei 
ma.sleniur 1 lit* element/' of laielid. lie mnv 
liiid il .ill c.is\ and interesting continuation 
of Ins ircometrie.il studies. With a xicw 
also of icmlcnnif the work a complete 
Manual of what is teqiiued at the I'ni- 
veisitics, tlicit 1 have 1 hh*o either emli<Hlied 
into the text, or inserted amonir the ex¬ 
amples, exerv hook work question, prob¬ 
lem, and rulri, which lias been proposed 
in the Cambridge examinations up to the 
present tune. 

Solutions to tlie Pro¬ 
blems in Drew’s Co¬ 
nic Sections. 

Crown 8vo. cloth. 4s. 6d. 


Senate-House Mathe¬ 
matical Problems. 

With Solutions. 

lft-|H-S!. By Fp.mtFUs and Jackson. Kvo 

1 t*s. Ik/, 

iHib-ol. (Him us) Uy Jamison. Kvo. 

7 a . li/t. 

1K."*4. By Walton and Mackknzii. 

]«* Cul. 

l'»v CiMi’io.v and Walton. Hvti. 
H\. (W/. 

IHUO lit lvoevn ami Watson. Crown 
Kvo. 7 s.iit/. 

The iilKiu* hooks contain Problems and 
Kxamples w Im h have been scl in the 
Camhudjic Seuate-lmuse Kxamiuatmils at 
xaiious periods dm lint the last twelve 
yeuis, together with Solutions ot the same 
The Solutions me m all eases iinen l»y 
the Kxaiuuieis themselves or umlei their 
sanction. 

- ♦ — 

H>, 11. A. HI O It ft AX, Al.A 
Fellow- ol Jcsuh College, Cambridge. 

A Collection of Mathe¬ 
matical Problems and 
Examples. 

With Ansteers. 

190 pp. (18/38). Crown 8vo. Cut 0 <1. 

This hook contains u number of prob¬ 
lems, chictty <'leinent.ilv, in the Mathe¬ 
matical siibj<*cts iisuallx read at C.un- 
biulire They have been selected liom 
thepapoi-s set dui in it late yeais at Jesus 
t.’olU'm*. \eiy lexx* ot them me to hi* met 
with in other collections, and b\ far the 
larger number are due to some ot the most 
! distimruiahed Mathematicians in the Pm- 
x orsitx. 

Cambridge University 
Examination Papers. 

Crown 8vo. 184 pp. 2s. i\d. 

A Collection of all the Papers <ot at tho 
KMuumatimis tor the l>oitrccs, the 
various Tnpci'os, and the Theological 
Coititicates in the Unixeisitv. with l.i«t 
of Candidates Kxamined and ol those 
Approve*l, and an index to the bubiccte. 
1800-G1. 
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A Treatise on 

Solid Geometry. 

V/y 1'EUriVAL MOST, At.A ., 

SI. John's College, and 

JOSEPH U Ol.STEXHOLME, M.A., 
Christ's Coll. Cumin id go. 

472 pp. 8vo. cloth. 18#. 1863. 

Tlir antliois h.ixccmlc.ixoared to present 
before students as conipt c'Ik-umvi* a view o! 
the subject is possible. Intending us thex 
llUU* doill* lO lll.lkc till* subject .ICCCSS||>le, 

.it U'.|*t III tin* IMll.f! poitioil, to all cl.lsscs 
ol students, thex lime cmlcuxoiircd to ex¬ 
plain hdlx all the processes winch are 
most useful in dealing with ordinary then- 
leliis and piohietns, thus direct!in? the 
tiludenl to the sHretuiu ol methods wlneli 
are best adapted to the exigencies of each 
prohlem. In • he mote difficult portion* ot 
the siih|eet, tlicx have consiilcied them¬ 
selves to he uddic*siiu. .i higltri class ol 
students, theie *liev huxe tiled* to lax 
;i aood found.ilion mi winch to hiidd, il 
m*x re idel should x\ ish to pursue the 
sc ie»ice iH'xoud the It mis to which the 
xxoik extends. 


AN ELEMENTARY TREATISE ON 

The Planetary Theory. 

WITH A l COLLECTION OP 1 'ltOllLEMS. 

liU (’. JT. 17 . Cl IF. VNE, It. A. 
Scholni ol St. John’s College, Cambridge. 


Jit/ JOHN F. 7t. 37 A 17 ) 7 ?, 31.A. 

Fellow and Classical Lecturer of St. John'* 

College, C imhridgo. 

1. Juvenal. 

7 / 7 / 7 / F.wjlixh A of vs. 

101 pp. (1851). Crown 8vo. doth. 

10.x. (»//. 

“A School edition ol Juvenal, which, 
lor leallx npe scholarship, extc*nsixe ne- 
c|uainlaiiee \xith I .at ill literature, mid fa- 
\ miliar knowledge ol Continental criti¬ 
cism, ancient and modem. unsurpassed, 
we do not sax among I'.nulisli Seliool-lmoks, 
but among English editions generally ”— 
F.niMu iu.ii Jti vii xv. # 

♦ — 

2 . Cicero’s 

i Second Philippic. 

; 7/7/// Ft)f/1ish Xotvn. 

; 108 pp. (1SG1). Fep. 8vo. cloth. 5.x. 

The Test is that of Halm's 2nd edition, 
{laMp/n*, Weidmaiiti, 1 K.*iK), xxith some 
coi nations I loin Madxig's Ith Edition 
(Copenhagen, ]x.iK). Halm's Introduction 
has Imvii ilosclv lianslated, with some 
; additions. Ill* notes baxe been curtailed, 
omitted, m cnlaigcd, at discretion; pas¬ 
sages to xv huh lie gix*os a bale lelcrenee, 
aie for the most p.nt pun led .it, length; 
tor the Cheek extiaets ail English version 
; has been substituted. A larce body of 
notes, chiefly giuiuiuatical and liistoucal, 
has been added tioin vauous souiees. A 
list of hooks useful to the student of 
Cicero. a copious Ammnrnt, and an Index 
to the mtriHluetion and notes, complete the 
book 

— 

I 

Jty V . MOST, .///»., M.A. 


148 pp. 


18G2. Cm. 8vo. cloth. (is . G d. ! l -’ lXo Fcl ' ,w of «t. John's Coil. Cambridge. 


In this xoluine. an attempt has been 
made to pioducc a Tieatiscon the Planetary | 
Tlu-orx, which being elemental x m clia- ! 
raetoi, should be so far complete*, as to 1 
contain all that is usually requited 1»\ 
students m the University A colli etion j 
ol 1*1 ohlenis lias been added. Liken clueflx ( 
from t’.unbi idgc Examination papcis of i 
the last txxcntj veais. 


Thucydides. Book VI. 

JVith Etujlish Antes ^ Jlfajt and Index. 
8vo. elotli. 7*v. Od. 

It has been attempted in this work to 
facilitate the attainment of aecuiucy in 
tr.in'-lution. With this riul m view the 
Text lias been treated grammatically. 
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CAMBRIDGE CLASS BOOKS 


By B. DRAKE, M A. 

Late Follow of King's Coll. Cambridge. 

1- Demosthenes on the 

Crown. 

With English Notes. 

Second Edition. To which is pre¬ 
fixed JKsoutnks AOA1NMT Ctkhi- 
ntON. With English Notes. 

287 pp. (I860). Fcup. 8vo. cl. os. 

The fliht edition of the late Mr. Diuko'- 
edition of Demosthenes do Cor mm Iniwng 
met with considerable acceptance in viu i- 
oiih .Schools, mid ii nn\ edition being called 
for, tin* Oration of .4v*chtiu*s against Ct«***i- 
phou, in accordudt'e with the wishes ot 
many tcwchcis, has boon appended with 
UHclul notch by a competent scholar. 

2. .32sehyli Eumenides 

With English Verse Translation, 
Copious Intrwlnctwn , and Notes. 
Hvo. M l. pp. (1863). 7s. Cxi. 

“ Mr. l>rnke*H ability as h critical Scho¬ 
lar Is known and admitted. In tho edition 
of the Eumcmdcs before us we meet with 
him also in the capacity o! a Poet and 
Historical Essayist. The translation is 
flowing and melodious, elegant and scho- 
lurlike. Thu Greek Text is well punted : 
the notes are clear and useful ”—Oiau- 

1)1 AN. 

7/v r. MKill VALE. B.l>. 

Author of “ History ot Home,” &c. 

Sallust. 

With English Notes. 

Second Edition. 172 pp. (1868). 
Fcup. 8vo. 4«. Vtl. 

“This School edition of Sallust is pre¬ 
cisely what the School edition oi a I.atiu 
author ought to he. No useless words 
arc spent in it, and no words that could 
be ot use are spared. The text Iuik lieen 
carefully collated with the best editions. 
With the work is .then a toll current ot 
extremely wcll-seiceted annotations.”— 
Till* EXAMINKR. 

The “ Catimsa” and ** JucvBTnA” mall 
be hml separately, price 2*. Cd. each * 
bound in cloth. 


Jty J. M B 1 GUT, ST.A. 

Hoad Master of Sutton Coldfield School 

l. Help to Latin 
Grammar. 

With Ea*y Exercises, and Vocabulary 

Crown 8vi». cloth. 4.*. (W. 

Never was then* a better aid offered 
alike to teacher and scholar in that ardu¬ 
ous pass The stxle is at once lunnliar 
.mil strikingly simple and lucid; ami the 
explanations precisely hit the difficulties, 
and thoioughlv explain them.”—K noi.isii 
J llUllNAL OK Kill 1 \ 1 ION. 

2 . Hellenica. 

A FIRST GREEK READING HOOK. 
Second Edit. Fcup. 8vo. cl. 3s. G d. 

In the last twenty chapters of this 
volume, Thucydides nketches the use and 
progress of tne Athenian Empire m so 
dear a style and in such simple language, 
that the atitliof doubts w hctlier any easier 
or luil-i* instructive passages can he 
seh*«*U*d for the use of the pupil who is 
commencing Uieck. 

3. The Seven Kings of 
Rome. 

A 1'irU Latin Heading Book. 

Second Edit. Fcup. 8vo. cloth. 3.v. 

This work is intended to supply the 
pupil w ilh an easy Con strum g-book, which 
may, at the same time, Im* made tin* 
vehicle Im instructing him m the rules of 
grammar and pnncl]»les ot composition. 
Here Livy tells his own pleasant stones 
in Ills own pleasant words. la*t Livy he 
the nmstei to teach a boy Latin, not some 
English collect oi ol sentences, ami he will 
not be found a dull one. 

4. Vocabulary and Ex¬ 
ercises on “The Seven 
Kings of Rome.” 

Fcp. 8 yo. cloth. 25. 6rf. 

•.* The Vocabulary and Exercises may 
also be had bound up with “ The 
Seren Kings of J(ornc. yt bs. cloth. 



FOR SCHOOLS AND COLLEGES. 13 


Py 777) WARD TURING, M.A. 

Hcrul Master of "Uppingham School. 

Elements of Grammar 
Taught in English. 

7/V/a Questions. 

Third Edition. 136 pp. (18G0). 

Demy 18nio. 2 a. 

2. The Child’s English 
Grammar. 

Now Edition. 86 pp. (18u9). Demy 
I Brno. U. 

The Author's effort in tlioso two books 
has been to point nut the broad, beaten, 
oxcry-duy imiIi, carcfullx avoiding digres¬ 
sions into tlu* byewavs and eccentricities 
of language. Tins Work took it* use 
tioni questionings hi National Schools, 
and the whole of tin* hr*t part is merely 
the xxnling out in ordei the answers to 
questions which Luxe been used ^ul ready 
with success. The study of Hramimn in 
English Ims l icon much neglected, nay by 
some put on one side as un impossibility. 
Tlieie xvus perhaps much mound for this 
opinion, in the medic;, of arlntiurj Miles 
thrown bcibietho student, which applied 
indeed to a certain number of limtunces, 
hut w'ould not work at all :n many others, 
as must alxxuys be the ease when princi¬ 
ples are not put toiwnrd in a language 
full of ambiguities. The present work 
does not, theietore, piclend to he a com¬ 
pendium ol idioms, or a philological trea¬ 
tise, but a (dammar. Oi in other words, 
its intention is t<> teach the lcnrnci how to 
speak and write correctly, and to undri- 
stand and explain the speech and waitings 
ol‘ others. Its success, not only in National 
Schools, from practical xxoik in which it 
took its rise, but also m classical schools, 
is full ot encouragement. 

3. School Songs. 

V COIJ.KCTJON SONtiS FOR 

SCJIOOT-S. 

WITH THE MUSIC Alt HANG ED l*OR 
FOUR VOICES. 

Edited by Rev E. TURING find 
II. RICCIrs. 

Music Susc. 7s\ Gd. 


Jit, EDWARD Tit RING , M.A. 

4. A First Latin Con¬ 
struing Book. 

104 pp. (1855). Ecap. 8vo. 2s. Grf. 

This Construing Book is drawn up on 
the same noil of graduated scale as the 
Author’s Rnt/hsh Grammar. I’as sages 
out of the best I.iitin Poets are gradually 
built up into tlieir perfect sliupc. The 
lew xxords altered, or inserted as the pass¬ 
ages go on, are printed in Italics. It is 
hoped by this plan that the lournei, whilst 
acquiring the rudiments of language, muy 
Store Ills mind with good jnietiy uiul a 
good vocabulary. * 


lty C. J VA I 'GllAN, J).l). 

Hoad Master of Harrow School. 

St. Paul’s Epistle to 
the Romans. 

The Greek Text with English Notes. 

Second Edition. Crown 8vo. cloth. 

(1801). 5s. 

By de<licatmg this work to Ins elder 
Pupils at Harrow, the Author hopes that 
lie sutlluiently indicates wkut is and what 
is not to be looked for in it. He desiieR 
to recoid Ins uiipiession, derixed fiom the 
on pei icnee of many years, that the Epis¬ 
tles of the New Testament, no less than 
the fiosjiels, are capable of furnishing 
useful and solid instruction to the highest 
classes of our Public Schools. II they are 
taught accurately, liot controversially; 
positively, not negatively; authority 
1 lively, x*et not dogmatically ; taught with 
' close- and constant rein once to tlieir literal 
meaning, to the connexion ol tlieir puits, 
to the sequence of their argument, as well 
as to their moral and spiritual instruc¬ 
tion ; they xxill mterest, they will inform, 
they xx ill elevate; they will uispuo a ro- 
| \erence for Scripture never to be dis- 
i canie<i, they will awaken a desire to drink 
moie deeply of tin* Word of <»od, certain 
■ hcroaller to l>© gratihvd and tnllillctl. 



1. 

2 i u c ../. tax: an an, d.d. 

Notes for 

Lectures on Confirmation. 

With Suitable Prayers. 

4th Edition. 70 pp. (1802). Fcp. 

8vo. Is. 0 tf. 

Thin work, originally ptennred for tin* 
UM* ot Ilairow SHionl, In published m the j 
belief tluit it m.iy assist the labour* of; 
those who are engaged m piep.iriiig ran-j 
dulales lor Confn illation, and who lind it • 
difficult to lav tin’ll hand upon any one j 
hook ot suitable ni^t met toll at onee Mittl- i 
ciontly lull to tunusli a *.\iioi>mn ol the! 
subject, and MiHieienth elastic to irite flee 
scope to the individual ludmnent in the 
use ol H. it will also he lound a hand- ‘ 
hook lot those who are being piejiared, as ' 
pre.'Olitmg in a compact form the veiv 
points which a lecturer would wish Ins; 
heater* to retneinlK*r. 

«> 

The Church Catechism Ulus-! 
trated and Explained. By 
AltTULUU it AM S A V, M.A. 

18dk». cloth. 'Is. 


FORTHCOMING BOOKS. 

• • 

1. 

An Elementary Treatise on 

Natural Philosophy. 

l«v WILLIAM THOMSON’, LI..P., 
I Ml S., late Fellow of St. Petri's Coll , 
Cambridge, Proh*s*or of Natural Pln- 
loMiphv in the fniveisity of (ilasgow ; 
and PKTKK (.UT1UUK TA1T, M.A., 
late Fellow ol St. PoteiV College, 
Camln ulgr, Prolessor of Nairnal Phi¬ 
losophy in the UniveiMtv of Edin¬ 
burgh. With numciou* Illustration*. 

| /w lUv l‘m ss. 


*> 

<■» • 

The Narrative of Odysseus. 

Ilonu r*s Odvssey, ltooks is— mi. The 
C.rcck Text with' English Notes. Foi 
School* and ('oil cites |t\ JOHN 
K. M A YOU, M.A., Fellow and 
Pinieipal Classieal Lretnier of SI. 
John's College, t'amhiidge. 

\Ncnrhf JiraAg. 


3. 


3. 

Hand-Book to Butler’s Ana- j 
lopy. By C. A .SWAINSON, 
AI A. o'/ pp. (1850). Crown 8vu. 
U. i*U. 

4. 

History of the Christian: 
Church during the First i 
Three Centuries, and the 
Reformation in England. 

By W. SIMPSON, M.A. Fourth 
Edition. Fcp. 8v». cloth. 3s. G</. 

5. 

Analysis of Paley’s Eviden¬ 
ces of Christianity. By 
OlIAltLKS II. CltOSSE, M.A. 
115 pp. (1855). 18mo. 3s. Gd. 


First Book of Alegbra. For 

Schools. J C. w. Kl. Lis, M. \ ., 
and P. M. CLARK K, M.A., Sidney 
Sussex College, C.iiubi ulue. 

1 Preparing 


4. 

Aristotelis de Rhetorica. 

With Notes and Introduction. Uy 
K. M. COPK, M.A., Follow and Assist¬ 
ant Tutor of Trinity College, Cam¬ 
bridge. 

5. 

The New Testament in the 

Original Greek. Text revised by 
It. F. WKSTCOTT. M A., ami F. J. 
1IOKT, M.A., lurjuurly Fellows of 
Truuly College. 
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n_CAMBRIDGE MANUALS 

FOU THEOLOGICAL STUDENTS. 


1. History of the Christian 
Church during the Middle 
Ages. By Aiiciidkacon HARD¬ 
WICK# Second Edition. 482 pp. 

(1 SOI). With Maps. Crown 8vo. i 

cloth. 1 ().v. 0 rf. 

Tins \ ultimo cl.iriiH to Ik* regarded n* 
nu iiilc'ml ami independent tu-.iti-o on 
the Moali.«-\ III Church Tho llintoiy coni- 
inouct'K w ith the lime ol Gregory the Ureal, 
to the venr 1520.— the ye.n wliun I.utliCT, 
huv im; l»r.!n extruded I rum iho-cfhurclicH 
that .idliricd to tho Communion ol the 
I‘ope, Cr.l4ihlishit<l ,i provisional form of 
govornmviii and opened a ficnh cm in the 
liistoi> o' l''uro]>u. 

2. History of the Christian 
Church during the Refor¬ 
mation. By Auciipn. IlAltlh 
WICK. 45«J pp. (18.06). Crown 
8vo. cloth. 10.'. 0 d. 

Tin* Work fonns a Sequel to tho Au¬ 
thor* J;«jok on The Middle Age*. Hi* 

Aul hoi’s wish has 1 mn.ii mio thr render 
n t.i\uoworthy veiMoii of theme Marring 
incidents which muik the llolommtion 
pound. 

3. History of the Book of Com¬ 
mon Prayer. With u Rationale 
of its OlticoB By FRANCIS 
PROCTER, M.A. * Fifth Edition. 
404 pp. (1800). Crown 8vo. cloth. 
10.v 0^/ 

lu tho course of Hie last twenty years 
tlu- whole question of liturgicul knowledge 


ban boon rooponed with great, learning ami 
nrcunito rebourch, and it is mainly with 
l.ho view of opitomiKlIig their oxtomnvc 
publication*. mnl correcting by their help 
tho errors tuul misconception* which had 
obtained currency, that tho present 
volume has been put together. 

4. History of ^he Canon of 
the New Testament during 
the First Four Centuries. 
By BROOKE FOSS WEST- 
COTT, M.A. 4S04 PP- (1855). 
Crown 8vo. cloth. 12#. (h/. 

Tlio Author I 1.10 endeavoured to connect, 
tho history of tho New TeHtanicnt Canon 
with tho growth and consolidation of the 
Church, and to iioint out tho rniution 
existing between the amount of evidence 
lor the anthentieity ol its eoni]«>nont parts 
and tliu whole mass of (.’In istian litei atuio. 
Such a inethiMl of m<|uii V will eonvo.> both 
tho IriieM, notion of the connexion of the 
written Word with tho living Jiody <if 
Ulirist, and the Hurunl conviction of it* 
divine authority. 

5. Introduction to the Study 
of the GOSPELS. By BROOKE 

FOSS WESTCOTT, M.A. 158 
pp. (1860). Crown 8vo. cloth. 
10 s. 0 d. 

This book ih intended to bo an Intro¬ 
duction to the hfwl(/ ol tho tiospels. In 
a subject which involve* so vad literatmo 
much niUhl have been ovei Usikcd ; hut tho 
Author has made it a point at leant to 
study the researches of the great writers, 
raid consciously to neglect none. 


This Series of Theological Manuals has been published with 
the aim of supplying Books concise, comprehensive, and accurate; 
con von ion t for tho Student, and yet interesting to the general 
reader. 



Uniformly printed M lftmo. 
with Vignette X'.tJcH by 
T. Woolncr, W.' Holman 
Hunt, &c. 



Handsomely bound in ex¬ 
tra cloth, 4 k. M Morocco 
plain, 7s. (id. Morocco ex¬ 
tra, 105. ,ach Volume 


1. THE GOLDEN TREASURY 

OP T1J1*; BEST BONGS ANI) LYRICAL POEMS IN THE ENGLISH 

LANGUAGE 

Soloctod and arranged, with Notes, by F. T. I’ARGRAVE. 

Twri.FTi! Thousand, with u Vignette by T. AVoox.NKU. 

44 There is no book in the English language wInch will make u more delightful 
companion than Wii* . . . which must not only be read, but possessed, in order to 

be adequately viili^d.**— Srv.eTATOU. 

2. THE CHILDREN’S GARLAND. 

FROM THE REST POETS. 

Soloeted and Arranged by COVENTRY PATMORE. 

Fouiitw Thousand, with Vignette hv T. WooLNv.n. 

44 Mr. Patmore deserve* onr gratitude for having searched through the wide field 
of English jiootry lor these flowers which youth jind age can equally enjoy, and 
woven them into 4 The Children’s Garland.’”—LnM.nv Uk\o:w. 


3. THE PI LG 111 M’S PRO Git ESS. 

By JOHN BUNYAN. 

With Vignette by W. Holman Hunt. 

Large paper copies, crown Hvo. cloth, 7s. (k/., hulf morocco, 10*. lid. 

44 A prettier and better edition and one more exactly suited for une ;is an elegant 
and inexpensive Gift Book is not to be* found.**—E xamxnlu. 

4. THE BOOK OF PRAISE. 

FROM THE BEST ENGLISH 1IYMN WRITERS. 

Selected and arranged by ROUXDELL PALMER. 

Kioutu Thoumni), with Vignette by T. Wooi.nv.ii. 

•** Comprehending nearly all that is excellent in the liytnnology of the language. 
.... In the details of editonal Jabour* the most exquisite tiuish is manifest ’*—Til* 
Fhekmah. 

3. BACON’S ESSAYS AND COLOURS OF GOOD 

AND EVIL. 

With. Notes and Gloesarial Index, by W. ALDIS WRIGHT, M.A., 

Trinity College, Cambridge. 

And a Vignette of*\Voolner*B Statue of Lord Bacon. 

Large Paper Copies, Crown 8vo. cloth, 7s. tk£., half-morocco, 10a. (id. 

44 Edited In a manner worthy of their merit and fame, as an English classic ought 
to be edited."—D aily Nwb. 

Jonaljmn $)jdnux, Jrinltr, Cambribgt. 







